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Abstract. This paper consists of two parts, one theoretical, and one
experimental. And while its primary focus is the development of a math-
ematically rigorous, theoretical foundation for the field of supervised
learning, including a discussion of what constitutes a “solvable pattern
recognition problem”, it will also provide some algorithmic detail for im-
plementing the general classification method derived from the theory, a
method based on classifier combination, and will discuss experimental
results comparing its performance to other well-known methods on stan-
dard benchmark problems from the U.C. Irvine, and Statlog, collections.
The practical consequences of this work are consistent with the mathe-
matical predictions. Comparing our experimental results on 24 standard
benchmark problems taken from the U.C. Irvine, and Statlog, collections,
with those reported in the literature for other well-known methods, our
method placed 1st on 19 problems, 2nd on 2 others, 4th on another, and
5th on the remaining 2.
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1 Introduction

We are about to develop the ideas behind a particular approach to solving prob-
lems in supervised learning. The method derived from this approach is very
general, and algorithmic implementations have produced results which, in most
observed cases, are superior to those produced by any other method of which
we are aware. And while this should certainly be an important consideration
for interest here, we feel that it is the underlying mathematical theory, and the
implications of this theory providing a perspective underlying existing work in
the field in general, as well as a basis for future work, which merits the great-
est attention. As one example of this, we might note that the mathematics we
are about to develop provides a complete theoretical explanation for the exper-
imentally observed success of the method of boosting, including the ability of
boosting to generalize to unseen data; and, based on this theoretical understand-

ing, provides a clear direction for improvement for future boosting algorithms
(see [7,8]).
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Although we will not present explicit pseudo-code for an algorithmic imple-
mentation of our method, we will provide a description sufficient for creating
such an implementation. As motivation for the mathematics which will be pre-
sented in later sections of this paper, we begin with a discussion of experimental
results, comparing our particular algorithmic implementation of the method,
henceforth referred to as SDK, to other well-know pattern recognition methods.
Our use of the word “motivation” here is somewhat nonstandard. It is our hope
that readers will find the experimental results for SDK sufficiently promising
that they are motivated to thoroughly read the mathematical theory which fol-
lows, and use their understanding of it to create their own, hopefully superior,
implementations.

Detail concerning our implementation, SDK, can be found in [7]. However,
we feel that it might be useful, at this time, to point out the following: SDK
operates by first (pseudo) randomly sampling (with replacement) from a space
of subsets of the feature space underlying a given problem, and then combining
these subsets to form a final classifier. There are many ways to contrast this
approach with other classification methods, but perhaps the most striking deals
with the perspective from which one attacks the problem of establishing theo-
retical bounds on classifier performance. For when proving theorems concerning
the accuracy of classifiers built using SDK, we initially consider probabilities
with respect to the sample space of subsets of the given feature space, rather
than with respect to the feature space itself. It is only by appealing to some-
thing know as the duality lemma (see [6]), that one can translate these accuracy
estimates into standard error rates over the feature space.

2 Experimental Results

The Datasets We worked with datasets from two major sites containing sets of
standardized problems in machine learning, the repository at the University of
California at Irvine, and the repository (of Statlog problems) at the University
of Porto in Portugal.

We carried out experiments with 17 datasets from the Irvine collection,
datasets which seemed to be the most popular appearing in the recent liter-
ature dealing with comparative studies of pattern recognition methods. The sets
we used were, Australian credit (henceforth abbreviated “crx”), Pima diabetes
(dia), glass (gls), Cleveland heart (hrt), hepatitis (hep), ionosphere (ion), iris
(iri), labor (lab), letter (let), satimage (sat), segment (seg), sonar (son), soybean-
large (soy), splice (spl), vehicle (veh), vote (vot), and Wisconsin breast cancer
(wsc). In [3], Freund and Schapire report on experimental results they derived
for these problems using 9 different classification methods, namely, three un-
derlying “weak learning algorithms” FindAttrTest (henceforth denoted, “FIA”),
FindDecRule (FID), and Quinlan’s C4.5 (C45) (see [10]), the boosted ([3]) ver-
sions of these algorithms, denoted ABO, DBO, and 5BO, respectively, and the
bagged ([1]) versions, denoted ABA, DBA, and 5BA, respectively. Our learning
runs on these datasets used the same study methodologies (either 10-fold cross



validation, or training/test set, depending on the dataset) as used by Freund and
Schapire, with the sole change (due to time constraints) of running two of the
training/test problems (letter and satimage) only once, using the default seed of
1 in each case.

Of the 10 Statlog sets publicly available from Porto, we eliminated two from
consideration (heart and German credit) since they involved nontrivial cost ma-
trices, something SDK is not designed to deal with, and eliminated a third
(shuttle) since it was extremely underrepresented in some classes (class seven
contained 2 test points out of a sample containing 58,000 training and test ex-
amples). On the remaining 7 sets, we carried out training runs using the same
study methodologies (either a cross validation, or a training/test set, depending
on the dataset) as [9].

The Results We compare our results on the Irvine problems with those reported
in [3] in Figures 1 and 2. The table shows error rates for each method on each
problem, with the italicized entry in each row belonging to the method which
produced the lowest error rate. And in the graph, we produce for each method,
a bar ranging from the best rank to the worst rank for that method across all
problems, and place a left tic at the method’s average rank, and a right tic at
the method’s mode. The methods are listed in order of average rank, and we
superimpose a line graph showing these average ranks.

In Figures 3 and 4, we basically do the same thing, as we compare our
results on the Statlog datasets from Porto with those reported in [9]. (Note the
row/column switch in the table.)

Note that the data in Figures 1 and 3 shows that SDK was the best perform-
ing method in 14 of the 17 U.C. Irvine experiments, and in 5 of the 7 Statlog
experiments.

3 The Theory

The Prototypical Problem Our first goal is to try to formalize from a foundational
mathematical point of view the notion of “building classifiers based on the study
of training data”. We assume we are at a point in the process where data has
already passed through an initial feature extraction stage and that there exists
a fixed positive integer n such that the objects among which we are interested in
discriminating have all been reduced to numeric records of length n. Conforming
to standard practice, we refer to the subspace of Euclidean n-space in which these
records reside as the “feature space” of the problem.

The prototypical supervised learning problem in pattern recognition asks one
to build a classifier from “representative” examples. From a mathematical per-
spective, what does “representative” mean here? Clearly, it would be impossible
to proceed with any rigorous development of the theory underlying supervised
learning without first answering this question.
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Fig 1. Experimental Results - Error Rates on Irvine Problems
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Fig 3. Experimental Results - Error Rates on Statlog Problems

Relative Performances of Classification Methods on Statlog Datasets

©CO~NOUODMWNEO
I

R
o
I
I

e ol
AODWNIER
L
|
f
T
T
|
J
|

Ranking of Performance
|

R
N o
[
T
T
l
I

[y
o]
I
[

[

[
©
I
T

N
(o]
I
T

N
[y
I
[

N
N
I
T

N
w
I

N
I
I

N
a

SDK |-
Dipol92
Alloc80 -

Cart -

Radial -
LogDisc -
BayTree -

C45
IndCart |-
Discrim -

BackProp |-
QuaDisc -
Cal -
LVQ +
Smart |-
KNN |-
Newld -
Ac2 -
Cn2 [
Castle -
Itrule -
Bayes |-

Fig 4. Relative Performance Ranks - Statlog Problems

In practice, a set A is usually viewed as being representative of a set B if it is
spatially distributed throughout the region of the feature space occupied by B.
This is a simple, pragmatic, derivative thesis which tends to work to greater or
lesser extents based on the specifics of any particular problem being considered.
But it is not really what one means by the notion “representative”. Most people
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would agree that, from a more fundamental perspective, the intuition is that a
set A is representative of a set B if given any classifier C, the error rate of C (for
its task of recognition) when measured on members of A is equal to, or at least
close to, its error rate when measured on members of B. Another way to express
this intuition in a more operational, but less precise, way is to simply say that
a set A is representative of a set B if any classifier C built using A generalizes
to B.

Needless to say this description has serious flaws. For if C were the classifier
which simply cataloged the points in A, and then classified any (new) point
based on whether or not it sat in this list, then the error rate of that classifier
when measured on A would be 0, yet, assuming A were substantially smaller
than B, would be substantially larger than 0 when measured on B.

Thus the notion “A is representative of B” must be dependent on both the
sets A and B, and on some expectation concerning the nature of the classifier
itself. In other words, the notion “representative” can never be an absolute; when
one is given a particular pattern recognition problem through a training set of
examples which are declared to be “representative”, the understanding must
be that the examples are “representative” only so long as possible classifiers
derived as solutions to the problem are restricted to satisfy certain additional
requirements.

In most practical applications, there is an implicit assumption that if training
sets are sufficiently densely distributed throughout class regions in the feature
space, then by seeking classifiers which are restricted to carve out sufficiently
“thick” subsets of the feature, such training sets are “representative”. In effect,
the assumption is one of spatial proximity of like points between training and
test sets.

However, given our desire for generality, we feel that there is a far more ele-
gant, and natural, way to formalize the notion “representative”. We will simply
define what it means, given some collection M of subsets of the feature space,
(intuitively, the building blocks of allowed, possible classifiers) for a subset A
of the feature space to be M-representative of another subset B of the feature
space. In this way, although we can encompass the usual proximity-based ap-
proach as a special case, we don’t require any topological relationship between
training and test sets, and as such allow for a number of interesting alternative
possibilities. Most important we feel that this definition constitutes the minimal
requirement for “representativeness”.

The underlying idea is very simple. In order for a set A to be M-representative
of a set B, it must be impossible to tell the difference between points in A and
points in B using the expressive power inherent in the sets of M. There is a
slight irony here. In pattern recognition one tries to find a solution which must
succeed in discriminating between points of different classes, yet one which must
simultaneously fail to discriminate between training and test subsets of a given
class.

It is this “indiscernibility” between training and test sets modulo the expres-
sive power of sets in M which serves as the basis for our development here.



Indiscernibility and Representativeness Let n be a fixed positive integer, and
assume that our feature space F' is some fixed, finite subset of Euclidean n-
space. Since F' is finite we can consider it to be a measure space under the
counting measure .

Let us denote by F, the power set of F', that is, the collection of all subsets
of F.

Definition 1. For a given collection M of subsets of F', we define a binary

relation ~n on the collection of nonempty subsets of F as follows: for any sets
A and B contained in F', A ~\ B iff for every M in M, Pr(M|A) = Pr(M|B)

(Viewing F' as a sample space, Pr(M|A) denotes the probability of M given
A)

Having A ~ng B would certainly appear to be a necessary condition for B
being M-indiscernible from A. But it is easy to construct examples showing that
it is not sufficient, that is, examples where A ~pg B for distinct sets A and B,
yet M contains information capable of showing A # B.

In order to have true M-indiscernibility, it must be the case that any “profile”
of A which can be deduced using information from M is identical with a similarly
deduced “profile” of B. Thus consider the following function fu,z, 4, defined for
any subset M of F, any nonempty subset A of F', and any real x for which there
exist M in M such that Pr(M|A) = z, which maps A into the reals: given any
member g of A,

fm,z,a(q) = Prvm(qg € M|Pr(M|A) = ).

(Since we will be dealing with several different probability spaces in what
follows, there might be times when confusion could arise as to just which space
we are taking probabilities with respect to. At times of such potential ambiguity,
we will use Pry to denote probabilities taken with respect to the space T'.)

In some sense, the random variable fur, 4 defines a profile of the coverage
of points in A by those members M of M such that Pr(M|A) = z. We restrict
to those M such that Pr(M|A) = z for the sake of simplicity, for there is often
a clear expectation of coverage for such M. For example, if M were equal to the
full power set of F, it is fairly easy to see that for any ¢ in A, fm,2,4(¢) = z for
any .

Using this notation, we are now in a position to precisely define the notion
of indiscernibility:

Definition 2. Given sets A and B contained in F', and given a collection M of
subsets of F', we say that A is M-indiscernible from B if

(0,) A ~M Bf'
(b) for every x, the random variables fanz,a and fam,z,p have the same proba-
bility mass functions.

Let us now rigorously define the notion “representative”. Since, in a typical
pattern recognition problem, we are given, for some positive integer m (the



number of classes), training subsets TRy, TR, ... T R,, which are supposed to
be “representative” of the available sets A;, Ao, ... , A,,, we wish to define,
in general, what it means for a sequence of subsets C = (C1,Cs,...Cy,) of a
feature space F' to be M-representative of another sequence of subsets D =
(D1, D3, ...Dyy,). We start with natural generalizations of concepts given above.

Definition 3. Given a positive integer m, a sequence C = (Cy,Cs,...Cy,) of
subsets of F, and a sequence v = (x1,%2,...xm) of reals, M, ¢ denotes the set
of those M in M such that for each j, 1 < j <m, Pr(M|C;) = z;.

Definition 4. Given any subset M of F, any positive integer m, any sequence
C = (C1,0s,..Cp) of subsets of F, and any sequence x = (x1,%2,...Tm) of
reals such that M, ¢ is nonempty, for any j, 1 < j <m, fKA,x,C is the random
variable defined on C; whose value at any q (in C;) is given by

fﬁa,z,c(q) = Prm(g € MM € M, ¢).
The definition of “representative” is now completely natural.

Definition 5. Given any subset M of F, any positive integer m, and any two
sequences D = (D1, D>, ...Dy,) and C = (Cy,Cs,...Cy,) of subsets of F, we say
that C is M-representative of D if

(0,) fOT‘ anyj; 1 S] Sm; CJ g Dj;
(b) fOT' anyj’ 1 S.] Sma C] ~M D]a
(c) for any sequence & = (x1,x2,...Tym) of reals, and for any j, 1 < j < m,

the random variables fl(/[,m,C and fI{'/LI’D have the same probability density
functions.

Enrichment and Uniformity Simply having an M-representative set of training
examples could not possibly guarantee one’s ability to find a classifier which
accurately solved the given problem. For example, if M consisted of the single
set F', the feature space itself, then given any two sequences D = (D1, Ds,...D,,)
and C = (C1,Cs,...Cy,) of subsets of F' such that for any j, 1 < j <m, C; C D;,
C is M-representative of D.

There are actually two, natural requirements a collection M must satisfy
in order to have any chance of building a reasonable classifier from an M-
representative set of training examples.

The first of these, called uniformity, whose formal definition will be given
shortly, basically requires that the members of M uniformly cover all regions
of the feature space where training examples are present. This is clearly an
essential requirement, for otherwise M-representative would really amount to
“representative in this region of the feature space but not in this other region”.
Trivially, since {F'} uniformly covers F, if M were equal to {F'}, M would be
uniform.

The second requirement, called enrichment, would not be satisfied were M
equal to {F'}. Here we basically require that the different (training) classes con-
stituting the given problem not be M-indiscernible from one another. Again,



this requirement, whose formal definition will be given shortly, is both reason-
able and essential. For if we created a problem by distributing all points in a
sufficiently complex feature space among two classes at random, and then spec-
ified training sets by random sampling, the training sets would certainly be
{F}-representative, and {F} would be uniform, but the classification problem
would (and should), by any reasonable standard, be unsolvable.

Motivated by this discussion, we now present the formal definitions:

Definition 6. For a given sequence of subsets C = (Cy1,Cs,...Cp,) of F, M is
said to be C-uniform if for every j, 1 < j < m, every member q of C;, and every
sequence © = (T1,T2, ..., ) of real numbers such that M, ¢ is nonempty,

PrM(q € M|M € Mm7c) =Tj.

While it may not be apparent that this definition formalizes the intuitive
description of uniformity given above, in [6] we prove, mathematically, that it
does.

Now for the issue of enrichment.

Definition 7. Given a sequence C = (Cy,Cs,...,Cy,), the C-enrichment degree
of M (written e(C,M)) is defined to be

inf{|Pr(M|C;) — Pr(M|Cj)| [M € M,1 <i<m,1<j<mj.
M is said to be C-enriched if e(C,M)> 0.

This definition clearly does formalize the intuitive description of enrichment
given above.

The Solvability Theorem We are now in a position to give the central definition
of this paper. In light of the development above, this definition is completely nat-
ural, and seems to constitute the minimal condition appropriate to the concept
of solvability.

Definition 8. An m-class problem in supervised learning, presented as two fi-
nite sequences E = (Ey, Es,...Ep) and T = (Ty,Ts,..Ty) of classes in a finite
feature space (intuitively, the examples and the training examples, respectively),
is said to be solvable if there exists a collection M of subsets of the feature
space such that T is M-representative of E, and such that M is T-enriched and
T-uniform.

The following theorem says, in essence, that any solvable problem in super-
vised learning can actually be solved:

Theorem 1. There exists an algorithm A with the following property: given any
solvable problem, E, T, in supervised learning, if M is a collection of subsets of
the feature space such that T is M-representative of E, and if M is T-enriched
and T-uniform, then given any desired upper bound u on error rate, A will
output, within time proportional to 1/u and inversely proportional to the square
of e(T,M), a classifier whose expected error rate on E is less than u.



The algorithm A builds classifiers by sampling, with replacement, from the
set M, and then combining the “weak classifiers” in the resulting sample. We
reduce n-class problems to n-many 2-class problems; given a training pair (11, Ts)
for any such 2-class problem, a sample S of size ¢ produces the classifier which
assigns any given example ¢ to class 1 if

1 xs(q) = Pr(S|Ts)

- > 0.5
t 2 Pr(S|Ty) - Pr(S[Ts)

(where xs is the characteristic function of S). For a rigorous proof of this theo-
rem, and related results, see [5-7].

Let us also note that the estimate given in the statement of the theorem for
run time of the algorithm A is intentionally crude, and is provided solely for
the purpose of indicating computational feasibility. For more useful statistical
estimates, we refer the reader to [2].

4 Conclusions

Our intention in this paper was to examine, from a purely mathematical per-
spective, fundamental issues in the field of supervised learning; and to then
explore the usefulness of such a perspective in practical application. The results
we derived show a good deal of promise for the general approach, and our hope
is that as new algorithmic implementations are developed, results will improve
even further.
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