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ABSTRAT

A general method is introduced for separating points in multidimen-
sional spaces through the use of stochastic proce3$és.technique is
called stochastic discrimination.

1. Introduction

In this paperwe will introduce a general method for separating points in multidimen-
sional spaces through the use of discrete stochastic procgéssesechnique oftodas-

tic discriminationis extremely general, and has application ivetse areas ranging from
pattern recognition and artificial learning where, fwaraple, it may “train itself” to dis-
tinguish structures containing adat pattern from structures which do not, to computa-
tional compleity theory where it might be used to identify edges comprising an optimal
tour through a gien graph.

The method functions, basicallyy taking as input poor solutions to a problem at hand,
and using them, in concert, to create good solutitmgact, the set of poor solutions is
the only access the method igeregiven to a poblem at hand, yet we can rigorously
prove tat given an gppropriate set of such poor solutions, stochastic discrimination will
provide arbitrarily good solutions within ery short (lev-degree polynomial) periods of
time.

It should be noted here that the notiorappropriate as applied to sets of poor solutions

is concerned with the dece of dispersion of the solutions in the set rather than with the
degree of goodness of them — the technique will create a solution which is arbitrarily
close to perfection from input solutions none of which is better étemay from the rat-

ing expected of a random guegmvided only that the input solutionseadfferent flom

one another Of course, the concept dispesionmust be made mathematically precise,
but on an intuitive levd, one might consider this: if one were presentegiragnd agin

with the same poor solution to a problem, hauld have little chance of eer creating
arything better than that poor solution — on the other hand, if he were preseaied ag
and a@in with equally poobut different solutions to the problem, heowld at least be
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getting dverse information; and in this case, stochastic discrimination will enable him to
create from this @erse information an essentially perfect solution.

In order to get a sense for justwh@owerful the technique is, we might consider an
example based on the well-kwo parable about producing Skskeares day Hamlet
from a roomful of monk&ys gtting at typevriters.t for definiteness sak let us assume
that Hamlet (written in binary) consists of a string of @id 1's o lengths, that our
monkeys ae sitting at typeriters capable only of printing the digits 0 or 1, and thatye
time one of them produces a string of lengthis work is graded and passed on to us
(without ary indication of what the correct digits are @e® of which digits he got right
or wrong). Then as we all kng, the probability that anone of these graded attempts
gets a mark of 100 percent igpenentially small, and henceygn any ollection of such
attempts whose size is polynomialdgrnthe probability that a perfect string sits in the col-
lection is e&ponentially small. What we shw, howeve, is that through the use of
stochastic discrimination, this situation can be completelgrsed; within a la-degree
polynomial amount of time, we can takny auch collection of graded attempts at Hamlet
and use them to produce aaneollection of attemptsand the pobability that a perfect
string doesot sit in this nev collection is &ponentially small.Describing this situation
from a slightly diferent point of viey, and with somahat more specificitywe will show
that given any 16s* - 8s®-mary random papers from our roomful of mayk, we can
construct a string of 8’and 1's wntaining less than 1xpected errototal in the entire
play. And since it is easy to see that fogrenougts, the probability that anone of
our 16* - 8s>-mary random papers is graded better tidn arbitrarily small, it is clear
that our method here is not based on synthesizing something from better and better
guesses.

Of course, thisxample is of little practical importance;\wever, it is gppealing from the
point of viev of complexity theory since we almost seem to be accomplishiniyRitask
within P time. Thisis more fully &plored when we consider the application of stochas-
tic discrimination to the traeling salesman problem.

There is an equally appealing characteristic of our approach which is of interest in the
field of pattern recognitionNamely given training data for a solble pattern recogni-

tion problem, if we generate $igfently “coarse” guesses, then solutions to the problem
built from these guesses by stochastic discrimination, although their catypheay
increase enormously as yheorverge o perfection, will remain stable as one measures
their accurag on new cata not present in the training sdthus the traditional dilemma,
whereby in order to fit the training data well one tendsuitd Barge, training set spe-

cific, models which are of little use in actual practice, canvoalad entirely — through

the use of stochastic discrimination, one caitddarge models which fit the training data

¥ This example, in and of itself, hasexy little to do with the application of stochastic
discrimination to either comptéy theory or pattern recognitiorin either of these areas,
the problems we wish to s@wae not random in nature, and some care is needed in pro-
ducing the so-called “set of poor solutiongiowever, the mathematical analogue of this
example, which we will discuss in some detail later in the papetains the application-
independent essence of stochastic discriminatis.such, we feel that this introductory
discussion praides worthwhile insight.
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but which are not specific to it.

This paper is comprised, essentiatify2 parts. Inthe first, we describe the method, pro-
vide its theoretical underpinnings, and ygaeveaal theorems which establish thewmsr
and generality of the techniquén the second, we consider a specific application of
stochastic discrimination to a&ery general class of problemythin a contgt where we
have @ntrol over the input which we may pwvide to the techniqueWe sow here hov

the method should operate in theory

We refer the reader to tweadditional papers for discussion of the application of stochastic
discrimination to well-knevn areas of practical importanck [1], we consider an appli-
cation irvolving visual pattern recognition, specificalifne problem of distinguishing
among handwritten digitsHere the major diiculty is in supplying input which is sfif
ciently dispersed so as to pide what is knan as a uniform oger of our pattern space;
however, we can do well enough that the separatiornvjited by stochastic discrimination

is significantly better than that acteel by conventional meansAnd in [2], we consider

an application to computational conmty theory specifically, toward deriving a (poly-
nomially timed) solution to the tvaling salesman problentere the wrinkle is not with
lack of uniform ceer, but rather with accurately rating proposed sets of edges in order to
determine if a gien st is worthy of being pravided as input to the proceshlleedless to
say we o not prove here thatP = NP; howeve, we present what we consider to be a
general technique, which operates inMddegree) polynomial time, for attacking arbi-
trary NP problems.

1.1. AnOverview

The class of problem we are considering is one characterized by therigllinree &c-
tors:

a) weare trying to find a perfect solution to the problem

b)  wecan quickly (polynomial time) determine if avgn candidate is a perfect
solution to the problem

c) if we simply mak “unintelligent”, independent guesses, then withiy an
polynomial amount of time, the chance thay ahthe guesses to that point
in time is a perfect solution ixgonentially small.

The virtue of the independent guess approach is that it can be carried out in parallel —
since there is no feedback or other interaction between the guesseantadl be gener

ated simultaneously on a&ry wide machine.However, the chance of success, being
exponentially small, renders the approactrtiless. Asa result, traditional attack on
such problems has been through analysis of the underlying dageattern recognition
person might study numerical characteristics of digitized images in formulating sets of
rules to distinguish among them, just as coxipteheorists might study the spatial char
acteristics of grid graphs in looking for optimal toursnd although such traditional
attack might well include the generation and testingypiotheses, there isvedys feed-

back irvolved, the guessawk is intelligent, so to speak, and the entire process is funda-
mentally sequential instead of parallel.
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With stochastic discrimination, the traditional approach could be set aside erifinely
notion of training data as something to “learn from” could be completelgded, and we
will show that (c) abwe could be replaced with

c) if we simply mak “unintelligent”, independent guesses (in parallel, if possi-
ble) and feed them to stbastic discriminationthen dewnative lutions are
generated, and withisomepolynomial amount of time, the chance thahe
of these deviative ®lutions is an instance of what we are looking for is
exponentially small.

Thus from a conceptual point of wehe traditional approach of learning from training
data is replaced with a closed 2 step process, namakg a sufficient number of inde-
pendent guesses, and then bamtically discriminate And what is remarkable is that we
can rigorously pree that this seemingly “unintelligent” approaclways succeeds, and
that it succeedsxremely quickly

In its most general form, the technique operates asilo

Given a pace containing points of twsorts, (our goal is to come up with an
accurate solution to the discrimination problem, naptelyome up with a
rule for accurately discriminating points of one sort from points of the other),
we associate with each poigtin the space a discrete stochastic process
{M}. For each andq, the random ariableM is a function of the set f
element sets of (possible) solutions, and so, fgrcarby applying the ari-
ables in the procesﬂx/{iq} to larger and lager sets of proposed solutions, we
are able to associate witha squence of realsa{‘}. Then the following

two surprising phenomena occur: (a) each of the sequenﬁes:{)merges,

and it cowerges to only one of ta possible (distinct) &lues; andall
sequences associated with points of one sort gerge to one of these dl-

ues, and all sequences associated with points of the other sortwage

to the other of these wlues (b) there gists a single polynomial function
which governs therate of corvergence of all of these sequences; and, specifi-
cally, one can determine within a polynomial amount of time,dr any
given point g, just which of the two possible alues {aiq}, with high prob-
ability, converges ta Thus, within a polynomial amount of time (of looking
at possiblesolutions, inaccurate though thal may be), we hee cme up
with a solution which, with high probabilitis perfect

In effect, one of these accurate solutions generated by this technique (solutions which
will later be referred to as stodastic algorithmy consists of a sfitiently lage set,S,

of “possible solutions” (of siza, say) along with the sequence of randoaniablesMJ.

A given dructureq will then be classified by this stochastic algorithm as being of type |
(type 1) if the \alue of M on Siis “close” to the type | (type Il) limit pointlf we con-

sider “possible solutions” as items appearingrdime, we may pictorially vie the
dynamics of all of this as fols:
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: Time
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sequences:

And the classification géen by any gochastic algorithm based on all those “possible solu-
tions” generated by grtime beg/ond that indicated by the horizontal dotted linewd be

space of points: ’|||||||||||||||||||||| ...... |||‘

2. TheUnderlying Theory

In the realm of actity which is generally construed as “intelligent”, pattern recognition
problems clearly occypa position of central importanceMany areas of application for
stochastic discrimination are vibus instances of such problenBut since we will also
be able to cast our subsequemirkvin compleity theory in terms of pattern recognition
(learning, for ®ample, to recognize which edges mak an optimal tour in a gien grid
graph), we will use pattern recognition as tleéicle through which to present stochastic
discrimination.

2.1. TheGeneric Pattern Recognition Problem

Our entity engged in “learning” is trying to formulate rules for distinguishing one set of
objects (the “ramples”) from another set of objects (the “naraples”). Br maximal
generality the paradigm is constructed as falio

a)  All objects (the “eamples” as well as the “noxemples”) are of some &
structure type.ln terms of pattern recognition, thexamples” are those
structures which contain a ¢t pattern, and the “noxemples” are those
structures which do not.

b)  Thelearning entity has access ttraining setof objects. Each object in this
set is markd as being an sample” (henceforth knen as an E-structure) or
as being a “noneample” (N-structure).
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c)

d)

Thelearning entity (henceforth, the LE) has access tesasetof objects.
The objects in this set andt marked as E-structures or N-structurest the

LE does hae acess to an algorithm (which is timed polynomially in the size
of the test set and the comxyity of the structure type) which will grade the
accurayg of any <t of rules the LE may come up witn other words, gven

a st of rules for deciding whether a particular structure is of type E or N,
each structure in the test set can tauated by these rules and as such be
catgorized as an E or an Nl'he grading algorithm wwuld simply return a
value indicating hw accurate the rules turned out to be in their gatiza-
tions. ltis interesting to note that since the LE isangjiven the “answers to
the questions in the test set” and is onlyegiaccess to the grading algo-
rithm as an oracle, the same test set can be used more than orahasiting
sets of rules.In other words, we hae %t things up so that the LE can test
itself when®er it chooses.

Sinceit would be a simple matter for an LE to rapidly code all information in
the training set, the deee of accurgcof any st of rules considered as a
solution to the problem at hand will only be measured through its perfor
mance on the test set —vhavell it may do on the training set is of no inter
est to us.

Of course, there are madifferent methods one could use to rate the acgwfag st of
rules at solving a problem, and in some sense, otk tere is independent ofyapartic-
ular choice.However, for definiteness sak let us settle on certain specifics.

a)

b)

Gien a =t of rules (henceforth referred to as a separation algorithm) let us
view that algorithm as assigning thelwe 1 to each structure it feels is an E-
structure, and a 0 to each structure it feels is an N-strucNw&ationally

C(qg) =1 (C(qg) = 0) should be vigved as the separation algoritl@rasserting
thatq is an E-structure (N-structure).

In light of a) abee, let us define te real-valued (rating) functions,z and

ry as follovs: for any algorithm C, rg(C) equals the fraction of the total
number of E-structures in the test set to whilassigns the alue 1, and
rn(C) equals the fractionof the total number of N-structures in the test set
to whichC assigns thealue 1. Symbolically if s denotes the total number
of E-structures in the test set andenotes the total number of N-structures
in the test set, we ka

re(C) =1{ q: gis an E-structure inthe testandC(q) =1} | /s
and
rnv(@©) =1{ g:qis an N-structure inthe testandC(q) =1} | /.

For example, ifC were an algorithm which simply assigned t@rg struc-
ture the alue 1, then we auld hare rg(C) = L andry(C) = 1. Smilarly, if
C were an algorithm which assigned a 0 verg structure, we wuld hare
re(C) =0 andry(C) = 0. Needless to sayhese twvial algorithms are of no
interest. Orthe other hand, i€ were an algorithm such theg(C) = 1 and
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rn(C) =0, thenC is a perfect classifier for ourngn problem.

C) It is sometimes caenient to combine the rating functiong andry into a
single functiond. Namely given an dgorithm C, let us simply consider the
differenced(C) = rg(C) — ry(C). Without loss of generalitywve can assume
that for all algorithms considered, thisfdience is alays nonngaive, for,
if necessarywe aan replaceC with 1-C. Clearly, the closerd(C) lies to 1,
the better the algorithr® is at the classification problenindeed, each of
the trivial algorithms mentioned atse has a diference of 0, and the perfect
classifier has a dérence of 1.

In K Square technical report 04.0288 ([3]), a complete theorwidaped concerning the
generation of separation algorithms through “study” of training $¢tse of that aspect
of learning will be discussed here, andauetf this paper will concern itself not at all with
training sets.Rather we will assume, as a gin, the ability to routinely achie & least
some minimal dgree of success at\d#oping separation algorithms (through such analy-
sis of knavn data, through sheer guessing, or throughatimer means), and will parlay
this ability into the creation of an essentially perfect separation algorithm.

In effect, the method we will delop here, stochastic discrimination, is a process which
is designed to be carried out at a point in thesldpment of knavledge well bgond
where one usuallyx@ects to find out aithing nev. In other words, if we viev learning

as a pipeline process

Given Algorithm Algorithm
Information Development| Evaluation

whose final component is amaluation stage for separation algorithms which comerdo
the line, we will nav take the output from this \@luation stage and pipe it into our
stochastic discrimination stage, a stage which will produce further separation algorithms.

Given Algorithm Algorithm
Information Development Evaluation 3
Stochastic Algorithm
Discrimination Evaluation

Something seemingly remarkable will happen here, ¥en & each of the separation
algorithms piped into our stochastic discrimination stage isvofdting, the process will
be able taquickly construct an essentially perfect separation algorithm from them.
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In order to get some sense for what we will be dealing with, let us considerah tri
instance of a rather generadaeple. Supposeur structure type is a simple one-field
record consisting of a single nomgatve integer less than £ and that the E and N
records of the test set consist obtdisjoint s-element sets of structureSo far as learn-

ing is concerned, let us n@akhe cowentional components of the pipelinevidl in that

we will assume that it is a random process which generates separation algorithms, and
that these are then fed to a stage whicdluates them as described @bo It is the
stream of randomly generatedjaeiated separation algorithms which is piped to our
stochastic discrimination stage, and let us say that we are interestedapitg a sepa-

ration algorithm from this stream which ispected to mak no more than one error

total, at the task of identifying E-structures as E-structures and N-structures as N-struc-
tures; that is, that we are interested iwetigping a separation algorithm with axpected
d-rating of at least * (1/s).

Of course, there is a rathervidus route to tad here — one need only sit at the stream
checking the rating of each algorithm which passes by and singilyuntil one with a
rating at least * (1/s) passes hyHowevae, given that there eist effectively

45
mary algorithms, and that of these, only
2s+1

mary are rated at T (1/s) or better one could gpect to spend an amount of time of
order eponential ins waiting for one to appear

Our approach is quite dirent. ¥ will present an plicit 4" degree polynomialp(s),

so that within an amount of time of ordefs), the stochastic discrimination stage of our
learning pipeline will produce a separation algorithm with>greetedd-rating of at least
1-(1/s).

We will discuss this gkample in some detail later in this pagarit we might point out one
further feature of interestFor any real numbere greater than 0, lelP, represent the
probability that during the stochastic discrimination stage, the stesanpresents the
stage with a separation algorithm witll-aating greater than. Then we will proe that

for any £ greater than 0, asincreases without boun®, approaches Oln other words,
even though we are able to ddop an essentially perfect separation algorithm through
analysis of a stream of (lesser) algorithms, the moslylivent is that, in &ct, through-
out the entire process, the streamenshows us agthing much bgond the twial. Thus

it appears as if we are making something out of nothingvda@ng these algorithms.

2.2. Uniform Cover

In the section immediately foling this one, we will be defining randorariables asso-
ciated with structures, and will be interested invprg that thg all share the same proba-
bility density function. The technical dece we will use concerns a notion of “uniform
cover” as applied to sets of algorithm$hat is our focus for @
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On an intuitve leved, we would like to devdop some sense for what it means for a set of
algorithms to ceer the set of structures so that among algorithms in the set wih rgi

andr y-ratings, the numberging the \alue 1 to a particular structure equals the number
giving the \alue 1 to ay other structure of the same type (E or KDlearly, small sets of
algorithms preiding such a uniform oer are difficult, if not impossible, to construct.
For example, a set consisting of tvgeparation algorithms each of which hag asrating
equal to some real numbeistrictly between .5 and 1 could not possiblyvide an unbi-
ased cwer since some proper subset of the collection of E-structumgdanecessarily

be rated 1 byoth algorithms in the set.

However, as the number of separation algorithms considered together increases, the
notion of uniform ceer does tak o practical meaninglf A is a given set of algorithms,
and x and y are twgiven real numbers, let us defirkg, to be

{CeA:rg(C)=xandry(C)=y}.

We an then define A to bé-uniformif given any two E-structuresp andq, and ary two
real numberx andy,
2 Cp= 2 C(a).
CeAy CehAyy
Similarly, we havea rotion of N-uniformusing the same definition with “E-structures”

replaced with “N-structures”A set of selection algorithms is said to bardform cwer,
if it is both E-uniform and N-uniform.

In order to approach the problem ofistence of such sets of algorithms, we must first
look at anotherpurely combinatorial, vie of the notion of uniform ceer. A given spa-
ration algorithmC has associated with it a specific set of E-structiEgspamely those
E-structures to whiclC assigns a alue of 1. Similarly, it has an associated set of N-
structuresN¢c, namely those N-structures to whi€hassigns aalue of 1. Indeed, since
we will never be getting involved with the internal details of wprparticular algorithm
(other than the detail that it operates in polynomial time),tam dgorithmsC and D
such thatec = Ep andN¢ = Np will be viewed, for the purposes of this papas being
identical. Thuswve will feel free to equate algorithms with pairs of sets of structures, and
specifically if X and Y are the tw sets equated with an algorith@ then ifi (j) is the
size of the intersection of X (Y) with the set of all E-structures (N-structures)r tf€n
(rn(C)) is equal ta/s (/).

Using this duality between algorithms and sets, let us consigigpa@nof nonngaive
integersi less than or equal ®and j less than or equal tp let us definex to bei/s and

y to bej/t, and let us consider the s@t, of all algorithmsC = (Ec, N¢) such thatEc
contains-mary elements andNc containsj-mary elements. Themve must hee that for

ary particular E-structure,

_B3-1lmo. o (s m tt O
Cf%xvC(q) S O-1000 06 -1 s-i) e -j) o ©)

and for ay particular N-structure,
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1)

_o-1oso. o (-1 m s O
CS%XVC(q) S0 -10000 0 - Dt - ) Mis—iy O

Naturally, this shaevs that the set of all algorithms constitutes a uniforrergdut given
the nature of our notion of uniform v, we havealso, clearlyestablished that for gn
possible set T ofl-ratings, the set of all separation algorith@ssuch thatd(C) is a
member of T is a uniform wer.

2.3. TheBase \ariables

Although one tends to think of the application of statistics in etitsuch as this as
involving sampling within the population of structures, the basis of our approach will
involve sampling within the population of separation algorithriredeed, our &y method
for attacking the problem will makuse of random ariables associated with such sam-
pling.

If one were to simply “guess” at separation algorithms for our problemoldvobyi-
ously produce some algorithms which were better and some which wese. vNeedless
to say the higher thal-ratings one required, the less frequently loaild expect to find
acceptable algorithms through guessikgr example, in the situation discussed adyat

is only after an xponential amount of time that one mighect to find an algorithm
with ad-rating greater than or equal te-{1/s). However, it is dso clear that if we hver
our sights, and rather than look for algorith@such thad(C) = 1-(1/s), just look for
algorithmsC such thatd(C) > 0, we can &pect to see themgalarly.

We will attack this question in some detail later in sectionuB umtil further notice, let us
assume that we @ access to some polynomially (ig t, and structure compity)
timed process for producing separation algorittinehose dgree of goodness is not
only greater than Oub is boundedwaay from O by some posite real number /. In
other words, we will assume that thergists a real number /> 0 and a polynomially
timed process for producing a stream of rated algorithms sampling the population of all
algorithmsC such thad(C) > 1/v. (The notion of creating such a process is a mostinter
esting area in itsven right, and, as mentioned alepit is the topic discussed in [3JAnd
while, in some sense, itialves the half of the learning paradigm concerned with “study”
of the training set, later in this paper we will return to owaneple, introduced earlier
which turns out to satisfy this assumption independent wpfcansideration of training
set. Theexample is of special interest since, despite its simplidgisynatural solution
appears to require axmpnential (or at leasNP) amount of time. We will produce a
solution within an amount of time polynomial $r

Let us denote by the set of all separation algorithi@ssuch thatd(C) > 1/v. Then if

we considelS, under the counting measure, as a sample space, we can associatg with an
structureq of our separation problem the randoariable X9, which, at an elemer@ of

S takes the alue

C(q)
re(C)
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Lemma 1 If p andq are two Sructures of the same cgtary (E or N), thenX? and X4
have the same probability density functions.

Proof: Let us introduce the folleing notation: ifr is a gven real numberthen <>
denotes the least irger greater tham, and [r] denotes the greatest iger less
thanr. Then using our analysis a®mncerning uniform coeer, and in particulay
in light of equations (0) and (1), it folls that forany E-structureq, the number of
points whereX takes the alue 0 is

i [t(i/s—1/v)] 5- 1[":“]
i=gv> 0 O i OO0

and for eery i > slv, the number of points wheié? takes the alues/i is

[t(i/s=1/)] - 11t0
S O-10g0

Similarly, for any N-structureg, the number of points whei¥® takes the alue 0 is

i=<gv> o OO j O

and for eery i > s/v, the number of points wheié? takes the alues/i is

[t(i/s—1N)] St - 10

Since none of theseressions imolvesq, the lemma is pneed.
O

Now that we knav that random &riables associated with structures of a particular cate-
gory all have the same probability density function, we tnthat there are at most dw
possible alues for gpectations of suchaviables. Inpoint of fact, there arexactly two
values, and this will bex¢remely important for our subsequentrnk. Beforewe prove

this, havever, let us aplicitly state (without proof) a tvial proposition which we will
need both here and later in this paper:

Proposition: Let T be a finite sample space with counting measyead letK be a par
tition of T. Then if X is a random ariable defined oil, and if, for each subséi
of Tin K, XY denotes the restriction &f to U, then

e = 3 1

U
B v(m) S

We ae nav in a psition to pree that E-structure randorraxiables and N-structure ran-
dom \ariables hee distinct expectations.

Lemma 2 If g is an E-structure, therE(X9) =1. If g is an N-structure, then
E(XY < 1-(1/h).
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Proof: Leti < sandj <t satisfyi/s— j/t > 1/v, and letQ denote the set consisting of all
algorithms inS with anrg-rating of i/sand arr y-rating of j/t. Then we immedi-
ately see that for grE-structureq, the expectation of the ariable X9 restricted to
the sample spad@ is

DtDES—lﬂ(i)_l ot m (s-1) 05 Ot 00sO
Oji-10s  _ Oit-j) 0 -1)(s—i)' 07 _ 0j 00 0_
Ot (osO ot m s @O Ot sO
0j i O Oji(t— j)! Mi(s—i)! O 0j 05 O

Thus by the proposition aieg for ary E-structureq, the expectation ofX% is 1.

The situation for N-structureaviables is dfierent. for if q is an N-structure, and
Q denotes the set consisting of all algorithm$&iwith anrg-rating of i/s and an
ry-rating of j/t, we immediately see that for uiN-structureq, the expectation of
the \ariable X9 restricted to the sample spa@es

DSDDt—lmj)_l o s m (-1 Sy DIDDSDE)
O DDj—lD(s CONs-iOqj -0t - i di _DjDDiD(it _(jj)
OSt O o s m t 0O Ot 0osO it
O Oj O Oi(s—i)! OOji(t - j)I O 0j i O
Since eery C in S has the property thak(C) > 1/v, we must hae that
i1
s t \'%
and so,
Bq-3
it \"

Sincei < s, we @an say that

st

it v
We may thus conclude, by the proposition e@yathat for aiy N-structureq, the
expectation of X% is less than + 1/v.

O

2.4. TheStochastic Pocess
The way stochastic discrimination operates is as ¥Yato

Suppose is a given pattern structure Then we will undertad a £quence of
independent trialsver our sample space, and for edcket us denote b)}(iq
the random ariable corresponding t&9 associated with th&" trial. Fur
thermore, for each n, &3 denote the randonaviable
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(% XMn .
i=1

Then by the La of Large Numbers, as increases without bound, the prob-
ability that M lies close to thexgectation ofX9 approaches 1But since
the expectation ofX9 is 1 for E-structures and is less than-4(1/v) for N-
structuregy, we should be able to tell, by taking“large enough” just which
of the two possible &pectationsM{ is, with “high” probability “close to”,
and hence, should be able to tell, with “high” probabilithietherq is an E-
structure or an N-structurdn practice, if we simply taka andom sample
with replacementS, of “large enough” size, thenS can be vieved as rep-
resenting the-mary independent randonasiablesXy, XJ, ..., X4, and thus
the sample mean can be wid as representingld. And by the Law of
Large Numbers, if that sample mean wer within 1/2v of 1, we could
conclude with “high” pr obability that g was an E-structure, and if that
sample mean wee not within 1/2v of 1, we could conclude with “high”
probability that g was an N-structure. Of course, all of this is hedy
dependent on just what constitutes glarenough” as applied to sample size,
but we will provide anexplicit polynomial function suctthat if n is larger
than the bound prided by this function, then thatis “large enough” to
male the algorithm work.

There are ditrent levels of sophistication possible in precisely formulating the algorithm
described ab@. These lgels are som@hat related to just hosophisticated aersion of
the law of lalge numbers one chooses to uséa initial result follovs with a simple use

of Chebyshe's inequality:

Lemma 3 There «ists a polynomiaP(x, y, z) such that for ap positive h, k, and s, if
mz= P(h, k, s),

Prguwﬁ1 — E(X9)| < 1k g> 1-(1h).

Proof: Let E(XY%) and o2 denote the mean andanance, respecily, of X%. Then
E(XY and % are the mean andasiance, respesttly of M. By Chebyshe's
inequality

0_2 k2

U U
Pr_IM3 - E(X9|=>1/k < ——
and so,
o2k?

Oima — g(xd < 1k B> 1—
ProIM - EX] < 1k > 1=

Since the range of% is contained in [0s], o < s. Thus if we let

P(X! Y, Z) =df XYZZZ ’
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then for ay m=P(h, k, s),

k%62

IN
Sl

and so

PrS|M,ﬂL — E(X%)| < 1k g> 1-(1/h) .

To flesh all of this out soméhat, let us return to ourxample considered earlier where
pattern structures consist of single-field records containing getives integers less than
2s. In a later section, thisxample will be ceered in detail, and in particulave will set
things up so that thexpectations of E-structure base randoamniables and N-structure
base randomariables lie further tharl/V2s-1 gpart. Thusby lemma 3, ifn is lamger
thanP(2s, 2V25-1,s) = 16s* - 8s%, given any structureq, if we were to simply calculate
the mean of anrandom sample with replacementwimg sizen viewed as representing
M3, then if that mean were within 1A2s-1) of 1 the lilelihood thatq was notan E-
structure wuld be less than 1 ins2and similarly if the mean were within 142s-1) of
1, the likelihood thatg was an N-structure wuld be less than 1 ins2 In other words,
we have just described a separation algorithm dr our problem which operates in
polynomial time, and which has an expected-rating greater than 1 - (19).

2.5. TheSeparating Density Functions

Let us look at the dynamics of the situatidfor any Pecific sample sizey, we havetwo
probability density functions, one associated with E-structures (i.e., the density function
for MJ for ary E-structureq), and the other associated with N-structures (i.e., the density
function for M for ary N-structureq). Themeans of these functions are somedixlis-

tance apart from one anothand by the Central Limit Theorem, for ¢g enougin, the
density functions are essentially normal.
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E-structure pdf

/\J

N-structure pdf

S

But as sample sizan) increases, we alsoV&tat the ariances of the density functions
approach 0, and in thisdt lies the reason stochastic discriminatioorks. For this
means that as sample size increases, tle demsity functionsseparate fom one
another eventually to the point where theiverlap is ngligible:
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Increasing
Sample
Size

As a result, if we are dealing with adarenough sample,vgh the \alue of one of the
density functions on a (random) pointéakfrom their common domains, it is quite clear
which of the functions (the E-structure function or the N-structure functias)used to
produce the alue.

Thus, if we define theepaating threshold t, to be the mean of the means of the E-struc-
ture and N-structure density functionsyagi a fandom) sequence from our sample space
of separation algorithms, we /e for eachn, an instance of the stochastic algorithm,
SA,, which simply calls a structurg an E-structure if thealue of M3 on the lengtm
initial segment of the sequence is greater thand by the lemma alve, the expected
accurayg of SA, will be greater than £(1/h) if n is taken lager than some polynomial
function ofh (and problem compiety).
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2.6. TheDuality Lemma

In the preious subsection, we introduced what might be calledsthénastic algorithm

for separating points in a space, and we discussed the performance of this algorithm in
terms of “pectedd-rating ” for lage samplesWe row wish to formulate a precise pic-

ture of the actuadl-rating of stochastic algorithm&his will enable us to pke a sirpris-

ing, and &tremely poverful result concerning the stability of stochastic algorithms as one
moves from performance on training set to performance on test set to performance in
field use. Basically we will prove that if the algorithms in the sample from which a
stochastic algorithm isuilt are all stable in their performance in going from training data

to test data, then the stochastic algorithm will be stable as #etl. since, gren some

care in constructing training data, it is easy to find stable (though, perhaps, poor) separa-
tion algorithms, the practical implications of this are enormdusd what is surprising,

is that we hee here a method forilding arbitrarily complg solutions to problems with-

out the usual warries of training-set specificity and thevitable instability it creates.

Given a fixed dructureq, we havebeen considering the randorariable Miq, and have
viewed it as being defined on &fold product of spaces of separation algorithrst if

we were to fix a member of thisfold product of spaces of separation algorithivs,
could alternately be weed as a randomaviable defined on the space of structurksd

by casting things in this light, we Y& a nechanism for preciselyduating thed-rating

of the stochastic algorithmulit from that (fixed) member of théfold product. For let

Re (Rn) denoteMiq as a function ofy defined on the sample space of E-structures (N-
structures). Theit is immediate, gien the definitions ofr g andry, that therg-rating
(rn-rating) of the devied gochastic algorithm is just the area under the density function
of Rg (Ry) to the right of the separating threshold, and henced{reging of the devied
stochastic algorithm is just the area to the right of the separating threshold bounded from
aborve by the density function oRg and from belw by the density function oRy.
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N-structure pdf - \ E-structure pdf

S

separating threshold

In order to mak& use of these obseations, we must come up with usable descriptions of
the functionsRg andRy. This is the role of the duality lemma.

We kegn with some notationGiveni < sandj <t, let

O i i0
Sij =at (C:re(C)=—andry(C)=-0.
0 S tg
Fix some intgern > 0 and sequencexy, b,), (a», by), ..., @,, b,) such that for each
q; bi 1
—-—>—
s t v
and let us defin8 to be
n
[1Sab -
i=1

Let P denote the space of all structures, and let us denolté,lthe map from the prod-
uctP x S into the reals which at grpoint (q,<C4,C,, ... C,,>) takes the alue

M3(<C4,Cy - -+,Cp>) .
Lemma 4 LetK be either the set of all E-structures or the set of all N-structures, and fix

pointsg in K andC in S. LetY, denote the restriction d¥l, to {q} xS, and let
Zc denote the restriction d¥l,, to K x {C}. ThenY, andZ¢ have the same pd.

Proof: Consider a possiblealue in the range d¥1,,. Itis d the form

s n a1
" i§1 g(a)
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where, for each ig; is either 0 or 1.What is the probability that, takes this
value? Clearlythe probability that; is equal to 1, that is, thata; gets contribted
to the sum, is just the probability thats accepted by an algorithm 8y, . If K'is
equal taF, this probability is

otms-10 0t m (=Dt gs) &, Otmsga,

Ub; [y —1D_ Ebl'(t -b) Mg -1D!(s—a)! U a S _ U, g L' s _ g
at s O o m s u Ot s O s’
[b; (a O o, 1(t - by)! (TR (s - a)! O (b, [T O

Thus the probability that, takes the alue

s 0 i
" =Zl &i(ay)

n a a _ n
M{e(=)+@-e)A- )} =s"T] (g3 + (1-&)(s~&)) .
i=1 S S i=1
(By similar reasoning, iK is equal taV, the probability tha¥, takes the alue

S ,(a)?
ﬁi:zlgl(al)

ST (ebs + (1-£)(s- b)) .)
i=1

We row consider the ariable Zc. SupposeK is equal toE. Then since thé'"
coordinate ofC has arr g-rating ofa;/s, the probability thak; equals 1 in the sum
above is a;/s. Thus aguing as abee, the probability thaZ. takes the alue
S n
=3 &(@)™
ni=1

s q (e1ai + (L-7)(s-a) .

Usingr y-ratings in place of g-ratings, ifK were equal taV, the probability that
Z takes the alue

n

> S e(a)?
ﬁ,zzlfu(au)

would be
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ST (eibs + (L-e)(s—by) .
i=1

Just hev does this lemma pxe the stability of stochastic algorithmsSpecifically sup-
pose that we ha& a gven training set TR, a gen test set TE, and that our stochastic
algorithm is lilt from n-mary stable separation algorithms, that is, from separation algo-
rithms which hge the same g andry-ratings when euated in either TR or TELet

a;, a,, ... , a, be the sequence of sucg-ratings for these separation algorithms, and let
b, by, ... , b, be the sequence of-ratings. Therit is clear that for an E-structureq
(whether it is in TR or TE), the pdf of; (in the notation of lemma 4) depends only on
the sequenceg}. Thusby lemma 4, the randonaxiableZ: defined on the E-structures

in TR has the same pdf as the rand@mableZ: defined on the E-structures in TBut
therg-rating of the stochastic algorithm is equal to the area under this pdf to the right of
the separating threshold, and so weehgnown that ther g-rating of the stochastic algo-
rithm is the same whether it igauated in TR or in TE.Arguing similarly with N-struc-
tures and the sequench}, we see that they-rating of the stochastic algorithm is the
same whether it isveluated in TR or TE.Thus the stochastic algorithm is stable.

2.7. ARemark Conceming Convergence to Normality

In order for the calculation af-ratings of stochastic algorithms using the method implied
by the preious section to hee practical \alue, we must be able tamicitly work with
relevant pdfs. Of course, the duality lemma presents us with a complete description of
them, lut it isn't hard to see that the form théake is extremely dificult to work with.
Fortunately we havecentral limit theorems, and as a result, these digioibs approach
normality The question for us, ever, concerns just he quickly the distrilutions
approach normalityFor unless things happen polynomialbst, the normal approxima-
tions are of little practical use.

In this section, we pk@ that cowergence does, indeed, happen polynomiadist;f hev-
eve, we will make no atempt to analyze the specific distritons at hand, nor will we
make any atempt to get the sharpest estimates possiife. are smply inter ested in
demonstrating the polynomial nature o the corvergence and so will ely on general
limit theor ems. (A detailed analysis of the normal approximations to our specifis pdf
is saved for a later vork.)

The general tool we will use here is the so called Crdrery-Esseen theorem:

Theorem: IfXq, Xy, ..., X, are independent randonanables with epectation 0, &ri-
anceaz, and finite third moment, and 8, represents the sum of tbg, then

0, 0Sw _ O O_ Keee E(X4F)
Bprm < XD_ q)O-(X) ES % (2)

for some constarcgg less than 3.
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For a dart, our \ariables do not ha expectation 0, and so we must use thevaltbeo-
rem with E(|X, %) replaced withE(|X; — u[?) (whereu is the &pectation of theX;). Sec-
ond of all, since we are interested in the distidn of S,,/m, and not that ofS,,/ym, we
must rephrase (2) as

O - Keee E(1X1 - 3
Dprg& < X0 —qa A ) CBE g| 1~ 4)
0 m vym D o>Jym
or
O O Kege E(Xy - 1
DPrD& < y o, (Fmy) < SCBE (IXg = &) .
Om O o3ym
0 0
With a simple change ofwiables within intgrals we get
ymy _1pxf m Y _loymif
®_(Vmy) = e 20 dy=_Y"_ [e2000gt=0 .
o(Vmy) = oV2n I oV2r _.!; %(y)
Thus we hee
O DSm Kege E(Xq = uP)
Pr — < - q) ] 3
. yD Vm(y)D o37m (3)

in other words, the maximum ddérence between the distuition of S,/n and the normal
approximation to it is bounded in absolutdue by

Keee E(1Xy = 4)
o3ym

(4)

for some constarf-gg less than 3.

Thus, in order to establish that our digitibns comerge to normality at a polynomial
rate, we need only pve

Lemma 5 There &ists a polynomiaR(X, y, z) such that for ap s, v, w, and structurey,
if m=R(s,v,w), then

Kese E(XY-4f) _ 1
o3ym w

Proof: The key for us is to find an upper bound estimétés, v) on

E(X? - uf)
o3 )
For if we can find such & (s, v) which is polynomial irs andv, we would be able
to easily construct our desired polynomiR{k, y, zZ). Solet X9 be one of our (pre-
viously defined) &riables (haing expectationg). Thenarguing as we did in the
proof of lemma 1, we & that
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i [t(i/s—1N)] D@— 1Mo 5  5-1mims ﬁ' 0
- . + ol [l
i=<siv> =0 DD I DDD“ G - 100 'uD 0

E(X9 - uf) = s [t/s— 1M (g1 - ©
i=<sv> j=o U0
and that
s iscmbBs—1mpg, m-1mms U
Zs & D mo” *o-immi 408
. . ®

S [t(i/s—1N)] @l:"j |:|
i=<gv> j=o OO

Needless to sagach of thesex@ressions, let alone the quotient

E(X? - uf)
o3 '

is rather dificult to evauate, lut if we emply a smple trick used earlieme will
be able to mak ome headay. For given a finite setT of numbers for which one
wishes to find the mean, one can first partifioimto some number of disjoint sub-
sets, find the mean of the numbers in each set in the partition, and thesm tak
aveaage (weighted by theizeof each set in the partition) of these means to find the
avaage of the numbers ifi. This was &actly the point of our tvial proposition
of section 4.In the case of (5) and (6), we partition the space of all algori@ms
such thad(C) > 1/v into those subspaces whergC) = i/s is constant, and using
the same technique we used in the proof of lemma 2 for simplifying binomial coef-
ficients, we hee

(t0/sIMT (5 - 1[TE[] 4 N s-1ltms ﬁ
% 0i md "o-immi o

[t(i/S—l/V)] @l:"j D
5 O0o

(")

Numerato(i) =

WOl st s —ip i 0 g s-i 0
& Omoo i Os O s O
[t0/s=1M] 5Tt
& 00

_(s-iw® +iP(s-i)u®
- i2s

and (working, for the moment, with the simplexpeessiong?, rather than the true

denomiators>)
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[ti/s-1M] - 1t O >,  B-lmims ﬁ
. Du + T M
= O i D]:j 0 - 1|:||:] i U
[t(/s= IV (gt
i OO0

Denominatofi) =

(8)

[tirs=1M) st s —iu g s—i

7
- =0
& O0mMOo @ Os O s Of

[t(i/S—l/V)] @D'j D
% a0

_(s—im?+i(s=i)”

- is '
The virtue of thesexpressions is thislf we can calculate &argest value for ary
Numeratofi), it will provide an upper bound fd#(|X% - ,u|3), and if we can calcu-
late asmallestvalue for ary Denominato(i), raising it to the 3/2 peer will pro-
vide a laver bound fors?, and the quotient of these tw bounds will provide a
desired upper bound br

q._ ,,13
EQt-af) @)

In the case oNumerato(i), things are quite straightfoasd. For sinces is fixed,
andi varies from <s/v> to s, the lagest alue Numerato(i) can talke (which clearly
happens whenis as small as possible, that is, when< s/v >) is

S (B, S, 3
(s=—)+ L (s—)u 33 _ 3
Numerato(< s/v >) = v o™ v" _(vop)+(v-Du .
50 v
Ov0O

Taking into account theatct thatu must lie between 0 and 1, we thuséghat for
ary variableX9,

v+ (v—1)
v .

The situation withDenominato(i) is dfferent. For given thats is fixed, and that
varies from <s/v> to s, our temptation is to say that the smalleslue Denomina-
tor(i) can tale is wheni is as lage as possible, that is, when s. In this case we
would have

E(IX% - uP) < (10)

_ 2 _ 2
(S Sﬂ) -;ZS(S S)/l :(1_ﬂ)2' (11)

However, if 4 =1, which happens with randomanables associated with E-

Denominato(s) =
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structures, this denominator will be 0, and hence will be useless in forming a quo-
tient to prawvide an upper bound for (950 while, in the case of N-structure ran-
dom \ariables, we ha just shavn that

cl=2(1-u)3>0, 12)

providing a nonzero ler bound fors?, what do we do for E-structure random
variables, whereu = 1? WEll, it is easy enough to dee an estimate for the small-

est nonzeo value which Denominatofi) can tale. Thisclearly happens when

i=s—1, and we hee

(s-(s—1)f+(s-(s-(s-1) _ 1
(s-1)s Cs-17
But haw can this be used in calculatingranzeo lower bound foiw given that the

mean @er one of the sets in our partition (the set whieres) is 0?7 We nust ague
as follovs. Without loss of generalityve may assume thatandv are so lage that

1 2 1
————> ds>5. 14
v s 2 and s @4

Let us consider thealues for the means of sets in our partition as calculated in (8)
fori =s,i=s-1,andi =s-2. Fori =s, the mean is 0O (this is the only set in the
partition haing a mean of 0) and the size of the sefdgthis mean of O is

% rOo & OO0

Fori =s-1, as calculated in (13), the mearbisnominatofs—1) = 1/(s- 1), and
the size of the set taimg this mean is

[t(1-1N-1/9)] 0s ot D_ [t(A-1nv-1/9)] BIt0
i=0 L5 - 100 O i=0 amjo

Denominatofs—1) = (13)

1

(15)

(16)

Finally, fori = s—2, the mean is 2(- 2), and the size of the setirzg this mean
is

[t(1-1Nv-2/9)] 0s [t O [t(1-1Nv-2/9)] B0

= . 17
% B-2000 & 20O a7

We daim that the three termswgh in (15), (16), and (17) form a nondecreasing
sequence. &t in light of (14), @en the sum with the fgest terms, namely that in
(17), still has more than t/2-materms. Andgiven the symmetry of the binomial
coeficients abouf =t/2, and in particulathe fact that

oo_ot O

go -jd

we see that forwery value of j which appears in (15) and not in (16), there is a
term

forevery jO<j <t,
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ot O
s
a-jo
in (16) whose alue is clearly greater than

Ot O, a0
-j0 OO
(sinces > 2). Thisshaws that the xpression in (15) is no greater than tkgres-

sion in (16). By a similar agument, we ha tat for eery value of j which
appears in (16) and not in (17), there is a term

s(s-1)ot O
2 O-j0
in (17) whose &lue (gven 14) is clearly greater than

Ot O, SEtD

d-jo0 §go
(sinces > 5). Thisshaws that the xpression in (16) is no greater than tixpres-
sion in (17). Given that the sizes of these three sets in the partition are nondecreas-
ing, and g¥en that their means are 0, 4K 1), and 2/6-2) (where 2/$-2) is
more than twice as lge as 1§-1), we hae $rowvn that the meanver the union
of these three sets in our partition is greater tham-11§. Sincel/(s—1) is the
smallestpositivevalue of aty mean of ag set in the full partition, we hee thus
established theatt that the mean of tlentire set is greater than /¢ 1). Putting
all of this togetherwe havethat for E-structure randonasiables

o2 (s-1)y%>0. 18)
Now let us try to combine the twcases of E-structure and N-structuagiables.
We have showvn earlier that the mean for N-structure ariables is less than or
equal to +(1/v), and so ( )% is at least as Ige as
1
@ .
Since 1/6-1)*2 and 1 both lie in the interal (0,1], we thus hee tat for either
E-structure ariables or N-structureaviables,
3> 1 >
7 = \B(s-1)2
Combining (10) and (19), we nchavethat foranyvariable X9,

E(IX9 - uF)
o3

0. (19)

< (V3 + (v-)VA(s—-1)%2.
Given this polynomial upper boundi(s, v), if we naw just defineR by
R(s, v, W) = K&ge(w+1)*(U(s,v))?,
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our proof is complete.

2.8. Rerfect Stochastic Algorithms

The d-rating of an algorithm basically presents one with a measure of the probability that
the algorithm will correctly classify gngiven gructure. Thuggiven a particular algo-

rithm and a particular set of structures, we can calculate the probability that the algorithm
is, in fact, perfect.

Suppose we are dealing withmary structures, and that we V& huilt a stochastic algo-
rithm whose probability of misclassifying yagiven gructure is less than @d. Then the
probability that this algorithm mak no errors in classifying altmary structures is

_1d
knO '’

which, if nis laige enough, is approximately equal to
e (1K)

Thus if we tak k to be equal, sayo 2, then the probability this algorithm is perfect is
certainly greater thab.

Suppose, nw, that we were to ldld, independentlym-mary such stochastic algorithms.
Then the probability thanone of thenwas perfect would be less than™2. In cther
words, within an amount of time polynomial in problem comjijeand m, the probabil-
ity that we &il to produce a perfect stochastic algorithm pamentially small. This
obsenation will be ploited when we discuss compity theory

3. An Example

Let us nev return to the xample considered earlier where the structure type is a simple
one-field record consisting of a single nogaive integer less thans and the E and N
records of the test set consist simply of tisjoint s-element sets of structures.

In order to mak things as easy as possible, let ugitavith a process which “randomly”
produces and ratesuial Boolean algorithms (i.e., Boolearpgessions based on atoms
of the formv = k, wherev is the (unigue) recordaviable and is a specific nonrggtive
integer less thang). Clearly it is easy to construct such processes which operate poly-
nomially in's, and let us assume that wevlaset such a process in motion producing a
stream of separation algorithmi.is our goal to ta& this stream and come up with an
algorithm haing an &pectedd-rating greater than 4 (1/s).

Our first step is to put a simple ait and see” filter on the stream which only lets pass
those algorithms which identify precisedymary elements from the set of all structures.
Such algorithms, which we will henceforth refer tosgsmetric algorithmsare the ones

most likely to be seen in our random stream, each of whose algorithms identifies some-
where between O-mgrelements and mary elements from the set of structureBhus,
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given the distrilution of sizes of subsets from a set containisgnary elements, we can
certainly expect to see at least one symmetric algorithm ouvefye2s-mary produced

by the stream (much more frequently than this, actually), and so this initial filter does not
slow the stream appreciably —vexy polynomially-ins-mary ticks of the clock, we can
expect a n& symmetric algorithm to appear in our filtered stream.

As discussed earliethe likelihood of finding highly rated algorithms in the stream itself
is small, lut what about the liédihood of finding algorithms king some minimat-rat-
ing?

The process of “randomly picking” Wial Boolean symmetric algorithms in this cortte

is combinatorially identical to the process of randomly picking sigebsets from a set
having 2s-mary elements in it. An algorithm is perfect if the subset pa&kis identical
with the set of E-structures, and in general, the ratings fossh algorithm are based
on the dgree to which the subset patk coincides with the set of E-structures.

Specifically suppose we pick a subset whose intersection with the set of E-structures is of
sizek. Then therg-rating of this algorithm i&/s and ther y-rating is € — k)/s. Thus the
d-rating of the algorithm is - s)/s. If we consider the randomaviable which ta&s as

values the size of the intersection of our “guessed” subsets with the set of E-structures,
then the probability density function for thianable is just the ypelgeometric density
function with parameteérz, and as such, it has meaf2 and \ariance

s ss-1) _ ¢
4 4(2s-1) 4(2s-1)°
Since therexasts a central limit theorem for this distiifon, for lage sit is effectively

normal, and hence we kwahat the probability that a randomly selected set of sigaat
least 1 standard d&tion from the population mean is greater than .30.

What does this say abodtratings? Sincghe mean of our distrition is s/2, and its
standard déation is

S
NCs-1) '
subsets whose intersection with the set of E-records has size at least
S S
=t =,
2 ANZs-1)
must hae ad-rating at least
2 - + _%D_ S
(2 yrzs-=pt 1
[ 2s=1

In other words, we hee proved that with probability greater than .15, a randomly pro-
duced algorithm has@rating

1

V2s=1'
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or greater Let us call algorithm€ such that

d(C) 2 ———
V2s-1
minimal algorithms
random Filter symmetric Filter minimal
algorithms #1 algorithms #2 algorithms

Since our stream produces rated symmetric algorithms at a rate polynorsjadnich
since

1
V2s-1
we hae thus shavn that for some fied real number /> 0, we havea polynomial (ins)
stream which randomly produces rated members of

{C:d(C)>1v}.

>0,

We ae nav ready to emplp the analyses of the ieus two sections to produce an
algorithm, C, based on stochastic discriminatiofsiven an abitrary record,q, here is
how to calculateC(q):

Wait at the stream of minimal algorithms until you acquire
T(s) = P(2s, 2V25-1,s) = 165 - 8s° (20)

mary of them. Frondiscussion abe, the length of time spent at this task is
clearly polynomial ins. Now smply calculate the alue of M3 at this
sequence of minimal algorithms so acquiredafagthis requires no more
than polynomial-ins much time). If that value is within 1/(22s-1) of 1,
we setC(q) equal to 1; otherwise, we s€(q) equal to O.

How accurate is this algorithm@iven the number of minimal algorithms we emyplave
know (by an appeal to lemmas 3 and 4) that with probability greater th§t/4s), sam-
ple means of our randonanables (E-record or N-record) lie within W& - 1) of popu-
lation means. But since the dvpopulation means are at least2¢- 1 gpart, the proba-
bility that an N-record randonmaviable lies within 1/(Z2s-1) of 1 (which is the popula-
tion mean of E-record randonanables) is less than 142 Thusthe probability is less
than 1 in 2 thatC misclassifies anrecord; oy dternately C has an epectedd-rating
greater than % (1/s).

Thus, if we viev an “essentially perfect” solution to a pattern recognition problem as an
algorithm epected to madk less than one errototal, in classifying records, we V&
shavn that for this general class okample, essentially perfect stochastic algorithms
always eist. It is important to note that our procedure not only produces algorithms
which operate at a rate polynomial in problem coxipte— the procedure itself for
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producing the stochastic algorithm operates at a rate polynomial in problem xitynple

We had mentioned earlier that for thizsaenple, ass increases without bound, the proba-
bility of seeing better than Wially-rated algorithms in the stream during the construction
of our stochastic algorithm goes to 8Specifically for ary real numbet greater than 0,

let us denote byP, the probability that during the stochastic discrimination stage, the
streameer presents the stage with a separation algorithm withrating greater thaa.

In the processing of the stream prior to stochastic discrimination forxdmspde, tvo fil-
ters are empiged.

random Filter symmetric Filter minimal Stochastic | stochastic
— >
algorithms #1 algorithms #2 algorithms Discrimination algorithms

The first filter only lets pass symmetric algorithms, and, as discussed, eaméiectan

expect to see at least one such algorithm outvefyes-mary that appear in the stream.

The second filter only lets pass minimal algorithms, and since these are precisely those
algorithms which (when vieed in terms of sets) are at least one standavchtimn

greater than the mean, one capezxt to see at least one such algorithm outvefye7

that appear in the stream (since more than 30 percent of a the area under a normal pdf lies
further than one standarduilgtion from its mean.)Combining these tw facts, we see

that out of gery 7s-mary random algorithms in the original stream, at least one can be
expected to makit through the second filter

But for the moment, let us restrict our attention to what comes out of the firstlfikes

look at the number of minimal algorithms needed to carry out stochastic discrimination
(see (20)), anddep in mind thedct that the ratio of symmetric algorithms to minimal
algorithms is about 7 to 1, we estimate that about

7T(9)

mary agorithms output by Filter #1 are required by our stochastic discrimination stage to
derive a gparation algorithm with arxpectedd-rating of at least % (1/s). Sincethere
exist a total of

(RsO_ (29)!
Os O ()2

mary symmetric algorithms, we thus Y& that the fraction of symmetric algorithms out-
put by Filter #1 during formation of the stochastic algorithm is

T(s)
F(S)= ———— .
)= 2eu(sn?
Clearly P, is some function of both F(s) and the probahil&{s), that a gien symmetric
algorithm has al-rating greater tham; and although we are not interested ivaeping
just what this function is, it is clear that if both F(s) and G(s) arevedldo decrease to 0,
P, must also approach 0.
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So let us gamine what happens as s approaches infigtyce

(25)!  s-12s-i S
= = 2
(sh2 o s-i ze
we clearly hae that
Fg= 1O TO

T (29)U(s)2 28

approaches 0 as s approaches infingyt what about G(s)2.ooking back at our analy-
sis abee mncerning the ypergeometric distribtion, if we denote by(C) the size of the
intersection of the set pied by symmetric algorithr® with the set of all E-structures,
then since the mean of the distiilon is s/2, and since its standard vilgtion is
s/(2\/(2s—1)), we knaov that for aiy positive integer n, those symmetric algorithms with
d-ratings greater than

n

vos=1'
are actly those symmetric algorithn@ such thai(C) is & leastn standard déations
greater than the mearBut asn goes to infinity the probability approaches 1 thaveyi
an arbitrary symmetric algorithr@, i(C) is less thann standard dédations from the
mean. Inother words, gien any numbers greater than 0, if is so lage that the proba-
bility is less thans that given an arbitrary symmetricC, i(C) is & leastn standard déa-
tions from the mean, argis then chosen so & that

n . .

V2s-1

then for that alue ofs, the probability that a randomly chosen symmetric algorithm has a

d-rating greater tham is less thans. Since § was abitrary, we have shavn that ass

approaches infinitythe probability that a randomly selected symmetric algorithm has a

d-rating greater than approaches 0.

Combining all of the abae, we havethus proed that for aly £ greater than 0, as sample
size increases without bound, the probabilityat eeeing, through the stream fed to the
stochastic discrimination stage, an algorithm with-rating greater than, gpproaches 0.

4. Remarks

1. Itis important to note that we V& ot just proved the istence of algorithms,ub
have actually given a grocedure for producing thenin the case of our $eample”

the procedure is fully spelled outytbeven in the abstract case considered earlier
given an externally supplied stream to carry out the production of “possible solu-
tions” to a gven problem, our procedure irgeates the output of this stream, and,
within polynomial time, generates an essentially perfect stochastic solution.

A standard wrry in solving pattern recognition problems is that the solution will
be too “training set specific”, and hence will not project tav nases. Thigs of
special concern with computer generated solutions where the temptation is to use
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the lage quantities of memoryailable to simply catalogue instances of structures
for some (perhaps inaditent) form of template matching@n the other hand, with
complex problems it is often impossible to find “small” solution&lith stochastic
discrimination, though, no matter wdarge and compbe the solution may be,
there is an apparent reduction in this danger of “training set specificity” since the
algorithm deelopment process mer has access to grstructures underlying the
given pattern recognition problem, and hence, couldenamply code templates.
But even more to the point, our discussion follimg the proof of the duality lemma
shaws that if a stochastic algorithm igilt from stable pieces, tharo matter how
many such pieces a used, the stochastic algorithm will be stableThus, when
viewed from this perspeet, sochastic discrimination pwides a possible solution
to the seemingly paradoxical problem of finding complat not “training set
specific”, solutions to pattern recognition problems.

3. Thedevelopment carried out hereas in terms of randomaviables which were, in
some sensaormalized At times it may be desirable to consider the randani v
able X9 to simply tale an the \alueC(q) at a gven obsenation C. In this case, the
development carried out abe is dill valid, hovever, the expectation of E-structure
random variables is no longer equal to Referring back to the proof of lemma 2,
but now using this ne version of the randomaviables, lei < s and j <t satisfy
i/s—j/t > 1/v, and letQ denote the subspace of all algorithmsSiwith anrg-rat-
ing of i/s and anr-rating of j/t. Then we immediately see that foryalg-struc-
ture g, the expectation ofX restricted taQ is

Otos-10 gt m (s-1)f O Ot OosO, i

|
0j [0 - 1.0_ Dji(t - j)! O “Di-inni) (& _ 0j s N

Ot Os0 ot m s O otoso s’
0j 00 O Oji(t - ) Ddi(s—i)! O 0j 00 O

Thus for ay E-structureq, the expectation ofX9 is

s [t0/s=1M)] 5t
i=<sv>  j=o O] D(g)

s [t(i/s—1N)] St

i=<sv>  j=o O[O0
Similarly, for ary N-structureq, the expectation ofX9 is

i=<gv> j=o Oji't
S [t@i/s—1)] BDH D
i=<sv> j=0 O[O0

Thus the diference of these twexpectations is
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DA e (ARIE))
i=<s/v> j=0 G Ei S t
S [t(i/s—1)] B[“j D ’

i=<gv> j=o OO

However, we know that
s t v’
and so the diérence of the ter expectations is greater than

s [ti/s=IM)] (gt D( 1) (1) s [Mis-IMI 310
i=<sv> j=o OOV vigge jo OO 1
s Ms-IMI gt S MOs-IMIsig Vo

i=<gv> j=o O i=<sv>  j=o OJU
Thus we are left with the same situation as before, where the rarsl@bles for

a lage number of independent trials corgge about tw poles a distance more
than 1¥ apart.

4, Suppos®ne is confronted with a pattern recognition problem, and has access to a
stream of proposed solutiongjtlloes not ha available therg, ry, and d-ratings
used abee. Then the general process described in the introduction is still possible
even if one must mad an empirical determination of what constitutes arrage
(random) algorithm in order to filter the stream for the purpose of enrichifgrit.
given any s2quence of nontrial algorithms, the (nonnormalized) randoariables
discussed just alwe @an be used, and their means will still comgte about dis-
tinct poles. The only requirement is that the rating scheme which is associated
with the algorithms in the stream is unbiased across structures wdnacgiegory
(E or N), and that ansolution it rates as nontiial, would also hee ad-rating
which was nontial.

5. Asmentioned in the introduction, the process of stochastic discrimination is highly
amenable to implementation on arbitrary multiprocessor machiasgiven the
fact that the process tek as input algorithngenerated by any mear(gelated only
by their addressing of a common problem), these algorithms might well be gener
ated most rapidly by independent parallel computations.

The author wishes to thank L.D.Bvo from Cornell for may helpful suggestions in the
presentation of this materialn particular Professor Bravn suggested a shorter proof of
lemma 3 than that presented in our original manuscript — the proof included in this paper
is a result of his remarks.
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