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ABSTRACT

A general method is introduced for separating points in multidimen-
sional spaces through the use of stochastic processes.This technique is
called stochastic discrimination.

1. Intr oduction

In this paper, we will introduce a general method for separating points in multidimen-
sional spaces through the use of discrete stochastic processes.This technique ofstochas-
tic discriminationis extremely general, and has application in diverse areas ranging from
pattern recognition and artificial learning where, for example, it may “train itself” to dis-
tinguish structures containing a target pattern from structures which do not, to computa-
tional complexity theory where it might be used to identify edges comprising an optimal
tour through a given graph.

The method functions, basically, by taking as input poor solutions to a problem at hand,
and using them, in concert, to create good solutions.In fact, the set of poor solutions is
the only access the method is ever giv en to a problem at hand, yet we can rigorously
prove that given an appropriate set of such poor solutions, stochastic discrimination will
provide arbitrarily good solutions within very short (low-degree polynomial) periods of
time.

It should be noted here that the notion ofappropriateas applied to sets of poor solutions
is concerned with the degree of dispersion of the solutions in the set rather than with the
degree of goodness of them — the technique will create a solution which is arbitrarily
close to perfection from input solutions none of which is better than� aw ay from the rat-
ing expected of a random guessprovided only that the input solutions are different from
one another. Of course, the concept ofdispersionmust be made mathematically precise,
but on an intuitive lev el, one might consider this: if one were presented again and again
with the same poor solution to a problem, he would have little chance of ever creating
anything better than that poor solution — on the other hand, if he were presented again
and again with equally poorbut different solutions to the problem, he would at least be
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getting diverse information; and in this case, stochastic discrimination will enable him to
create from this diverse information an essentially perfect solution.

In order to get a sense for just how powerful the technique is, we might consider an
example based on the well-known parable about producing Shakespeare’s play Hamlet
from a roomful of monkeys sitting at typewriters.‡ For definiteness sake, let us assume
that Hamlet (written in binary) consists of a string of 0’s and 1’s of lengths, that our
monkeys are sitting at typewriters capable only of printing the digits 0 or 1, and that every
time one of them produces a string of lengths, his work is graded and passed on to us
(without any indication of what the correct digits are or even of which digits he got right
or wrong). Then as we all know, the probability that any one of these graded attempts
gets a mark of 100 percent is exponentially small, and hence, given any collection of such
attempts whose size is polynomial ins, the probability that a perfect string sits in the col-
lection is exponentially small. What we show, howev er, is that through the use of
stochastic discrimination, this situation can be completely reversed; within a low-degree
polynomial amount of time, we can take any such collection of graded attempts at Hamlet
and use them to produce a new collection of attempts,and the probability that a perfect
string doesnot sit in this new collection is exponentially small.Describing this situation
from a slightly different point of view, and with somewhat more specificity, we will show
that given any 16s4 − 8s3-many random papers from our roomful of monkeys, we can
construct a string of 0’s and 1’s containing less than 1 expected errortotal in the entire
play. And since it is easy to see that for large enoughs, the probability that any one of
our 16s4 − 8s3-many random papers is graded better than� is arbitrarily small, it is clear
that our method here is not based on synthesizing something from better and better
guesses.

Of course, this example is of little practical importance; however, it is appealing from the
point of view of complexity theory since we almost seem to be accomplishing anNP task
within P time. Thisis more fully explored when we consider the application of stochas-
tic discrimination to the traveling salesman problem.

There is an equally appealing characteristic of our approach which is of interest in the
field of pattern recognition.Namely, giv en training data for a solvable pattern recogni-
tion problem, if we generate sufficiently “coarse” guesses, then solutions to the problem
built from these guesses by stochastic discrimination, although their complexity may
increase enormously as they converge to perfection, will remain stable as one measures
their accuracy on new data not present in the training set.Thus the traditional dilemma,
whereby in order to fit the training data well one tends to build large, training set spe-
cific, models which are of little use in actual practice, can be avoided entirely — through
the use of stochastic discrimination, one can build large models which fit the training data

‡ This example, in and of itself, has very little to do with the application of stochastic
discrimination to either complexity theory or pattern recognition.In either of these areas,
the problems we wish to solve are not random in nature, and some care is needed in pro-
ducing the so-called “set of poor solutions”.However, the mathematical analogue of this
example, which we will discuss in some detail later in the paper, contains the application-
independent essence of stochastic discrimination.As such, we feel that this introductory
discussion provides worthwhile insight.
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but which are not specific to it.

This paper is comprised, essentially, of 2 parts. Inthe first, we describe the method, pro-
vide its theoretical underpinnings, and prove sev eral theorems which establish the power
and generality of the technique.In the second, we consider a specific application of
stochastic discrimination to a very general class of problem, but in a context where we
have control over the input which we may provide to the technique.We show here how
the method should operate in theory.

We refer the reader to two additional papers for discussion of the application of stochastic
discrimination to well-known areas of practical importance.In [1], we consider an appli-
cation involving visual pattern recognition, specifically, the problem of distinguishing
among handwritten digits.Here the major difficulty is in supplying input which is suffi-
ciently dispersed so as to provide what is known as a uniform cover of our pattern space;
however, we can do well enough that the separation provided by stochastic discrimination
is significantly better than that achieved by conventional means.And in [2], we consider
an application to computational complexity theory, specifically, tow ard deriving a (poly-
nomially timed) solution to the traveling salesman problem.Here the wrinkle is not with
lack of uniform cover, but rather with accurately rating proposed sets of edges in order to
determine if a given set is worthy of being provided as input to the process.Needless to
say, we do not prove here thatP = NP; howev er, we present what we consider to be a
general technique, which operates in (low-degree) polynomial time, for attacking arbi-
trary NP problems.

1.1. AnOverview

The class of problem we are considering is one characterized by the following three fac-
tors:

a) weare trying to find a perfect solution to the problem

b) wecan quickly (polynomial time) determine if a given candidate is a perfect
solution to the problem

c) if we simply make “unintelligent”, independent guesses, then within any
polynomial amount of time, the chance that any of the guesses to that point
in time is a perfect solution is exponentially small.

The virtue of the independent guess approach is that it can be carried out in parallel —
since there is no feedback or other interaction between the guesses they can all be gener-
ated simultaneously on a very wide machine.However, the chance of success, being
exponentially small, renders the approach worthless. Asa result, traditional attack on
such problems has been through analysis of the underlying data —a pattern recognition
person might study numerical characteristics of digitized images in formulating sets of
rules to distinguish among them, just as complexity theorists might study the spatial char-
acteristics of grid graphs in looking for optimal tours.And although such traditional
attack might well include the generation and testing of hypotheses, there is always feed-
back involved, the guesswork is intelligent, so to speak, and the entire process is funda-
mentally sequential instead of parallel.



E. M. Kleinberg -4- StochasticDiscrimination

With stochastic discrimination, the traditional approach could be set aside entirely. The
notion of training data as something to “learn from” could be completely avoided, and we
will show that (c) above could be replaced with

c’) if we simply make “unintelligent”, independent guesses (in parallel, if possi-
ble) and feed them to stochastic discrimination, then derivative solutions are
generated, and withinsomepolynomial amount of time, the chance thatnone
of these derivative solutions is an instance of what we are looking for is
exponentially small.

Thus from a conceptual point of view the traditional approach of learning from training
data is replaced with a closed 2 step process, namely, make a sufficient number of inde-
pendent guesses, and then stochastically discriminate. And what is remarkable is that we
can rigorously prove that this seemingly “unintelligent” approach always succeeds, and
that it succeeds extremely quickly.

In its most general form, the technique operates as follows:

Given a space containing points of two sorts, (our goal is to come up with an
accurate solution to the discrimination problem, namely, to come up with a
rule for accurately discriminating points of one sort from points of the other),
we associate with each pointq in the space a discrete stochastic process
{ Mq

i }. For eachi andq, the random variableMq
i is a function of the set ofi-

element sets of (possible) solutions, and so, for any q, by applying the vari-
ables in the process {Mq

i } t o larger and larger sets of proposed solutions, we
are able to associate withq a sequence of reals {aq

i }. Then the following
two surprising phenomena occur: (a) each of the sequences {aq

i } converges,
and it converges to only one of two possible (distinct) values; andall
sequences associated with points of one sort converge to one of these val-
ues, and all sequences associated with points of the other sort converge
to the other of these values; (b) there exists a single polynomial function
which governs therate of convergence of all of these sequences; and, specifi-
cally, one can determine within a polynomial amount of time, for any
given point q, just which of the two possible values {aq

i }, with high pr ob-
ability , converges to. Thus, within a polynomial amount of time (of looking
at possiblesolutions, inaccurate though they all may be), we have come up
with a solution which, with high probability, is perfect.

In effect, one of these accurate solutions generated by this technique (solutions which
will later be referred to as astochastic algorithms) consists of a sufficiently large set,S,
of “possible solutions” (of sizen, say) along with the sequence of random variablesMq

n.
A giv en structureq will then be classified by this stochastic algorithm as being of type I
(type II) if the value ofMq

n on S is “close” to the type I (type II) limit point.If we con-
sider “possible solutions” as items appearing over time, we may pictorially view the
dynamics of all of this as follows:
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......space of points:

sequences:

distinct limits

Time

polynomial

time

And the classification given by any stochastic algorithm based on all those “possible solu-
tions” generated by any time beyond that indicated by the horizontal dotted line would be

I II I I II I II II I ...... IIspace of points:

2. TheUnderlying Theory

In the realm of activity which is generally construed as “intelligent”, pattern recognition
problems clearly occupy a position of central importance.Many areas of application for
stochastic discrimination are obvious instances of such problems.But since we will also
be able to cast our subsequent work in complexity theory in terms of pattern recognition
(learning, for example, to recognize which edges make up an optimal tour in a given grid
graph), we will use pattern recognition as the vehicle through which to present stochastic
discrimination.

2.1. TheGeneric Pattern Recognition Problem

Our entity engaged in “learning” is trying to formulate rules for distinguishing one set of
objects (the “examples”) from another set of objects (the “nonexamples”). For maximal
generality, the paradigm is constructed as follows:

a) All objects (the “examples” as well as the “nonexamples”) are of some fixed
structure type.In terms of pattern recognition, the “examples” are those
structures which contain a target pattern, and the “nonexamples” are those
structures which do not.

b) Thelearning entity has access to atraining setof objects.Each object in this
set is marked as being an “example” (henceforth known as an E-structure) or
as being a “nonexample” (N-structure).
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c) Thelearning entity (henceforth, the LE) has access to atest setof objects.
The objects in this set arenot marked as E-structures or N-structures, but the
LE does have access to an algorithm (which is timed polynomially in the size
of the test set and the complexity of the structure type) which will grade the
accuracy of any set of rules the LE may come up with.In other words, given
a set of rules for deciding whether a particular structure is of type E or N,
each structure in the test set can be evaluated by these rules and as such be
categorized as an E or an N.The grading algorithm would simply return a
value indicating how accurate the rules turned out to be in their categoriza-
tions. It is interesting to note that since the LE is never giv en the “answers to
the questions in the test set” and is only given access to the grading algo-
rithm as an oracle, the same test set can be used more than once in evaluating
sets of rules.In other words, we have set things up so that the LE can test
itself whenever it chooses.

d) Sinceit would be a simple matter for an LE to rapidly code all information in
the training set, the degree of accuracy of any set of rules considered as a
solution to the problem at hand will only be measured through its perfor-
mance on the test set — how well it may do on the training set is of no inter-
est to us.

Of course, there are many different methods one could use to rate the accuracy of a set of
rules at solving a problem, and in some sense, our work here is independent of any partic-
ular choice.However, for definiteness sake, let us settle on certain specifics.

a) Given a set of rules (henceforth referred to as a separation algorithm) let us
view that algorithm as assigning the value 1 to each structure it feels is an E-
structure, and a 0 to each structure it feels is an N-structure.Notationally,
C(q) = 1 (C(q) = 0) should be viewed as the separation algorithmC asserting
thatq is an E-structure (N-structure).

b) In light of a) above, let us define two real-valued (rating) functions,r E and
r N as follows: for any algorithm C, r E(C) equals the fraction of the total
number of E-structures in the test set to whichC assigns the value 1, and
r N(C) equals the fractionof the total number of N-structures in the test set
to whichC assigns the value 1. Symbolically, if s denotes the total number
of E-structures in the test set andt denotes the total number of N-structures
in the test set, we have

r E(C) = | { q : q is an E − structure inthe testandC(q) = 1 } | /s

and

r N(C) = | { q : q is an N − structure inthe testandC(q) = 1 } | /t.

For example, ifC were an algorithm which simply assigned to every struc-
ture the value 1, then we would have r E(C) = 1 andr N(C) = 1. Similarly, if
C were an algorithm which assigned a 0 to every structure, we would have
r E(C) = 0 and r N(C) = 0. Needless to say, these trivial algorithms are of no
interest. Onthe other hand, ifC were an algorithm such thatr E(C) = 1  and
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r N(C) = 0, thenC is a perfect classifier for our given problem.

c) It is sometimes convenient to combine the rating functionsr E andr N into a
single functiond. Namely, giv en an algorithm C, let us simply consider the
differenced(C) = r E(C) − r N(C). Without loss of generality, we can assume
that for all algorithms considered, this difference is always nonnegative, for,
if necessary, we can replaceC with 1 − C. Clearly, the closerd(C) lies to 1,
the better the algorithmC is at the classification problem.Indeed, each of
the trivial algorithms mentioned above has a difference of 0, and the perfect
classifier has a difference of 1.

In K Square technical report 04.0288 ([3]), a complete theory is developed concerning the
generation of separation algorithms through “study” of training sets.None of that aspect
of learning will be discussed here, and in fact, this paper will concern itself not at all with
training sets.Rather, we will assume, as a given, the ability to routinely achieve at least
some minimal degree of success at developing separation algorithms (through such analy-
sis of known data, through sheer guessing, or through any other means), and will parlay
this ability into the creation of an essentially perfect separation algorithm.

In effect, the method we will develop here, stochastic discrimination, is a process which
is designed to be carried out at a point in the development of knowledge well beyond
where one usually expects to find out anything new. In other words, if we view learning
as a pipeline process

Given

Information

Algorithm

Development

Algorithm

Evaluation

Field

Use

whose final component is an evaluation stage for separation algorithms which come down
the line, we will now take the output from this evaluation stage and pipe it into our
stochastic discrimination stage, a stage which will produce further separation algorithms.

Given

Information

Algorithm

Development

Algorithm

Evaluation

Stochastic

Discrimination

Algorithm

Evaluation

Field

Use

Something seemingly remarkable will happen here, for even if each of the separation
algorithms piped into our stochastic discrimination stage is of low rating, the process will
be able toquickly construct an essentially perfect separation algorithm from them.
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In order to get some sense for what we will be dealing with, let us consider a trivial
instance of a rather general example. Supposeour structure type is a simple one-field
record consisting of a single nonnegative integer less than 2s, and that the E and N
records of the test set consist of two disjoint s-element sets of structures.So far as learn-
ing is concerned, let us make the conventional components of the pipeline trivial in that
we will assume that it is a random process which generates separation algorithms, and
that these are then fed to a stage which evaluates them as described above. It is the
stream of randomly generated, evaluated separation algorithms which is piped to our
stochastic discrimination stage, and let us say that we are interested in developing a sepa-
ration algorithm from this stream which is expected to make no more than one error,
total, at the task of identifying E-structures as E-structures and N-structures as N-struc-
tures; that is, that we are interested in developing a separation algorithm with an expected
d-rating of at least 1− (1/s).

Of course, there is a rather obvious route to take here — one need only sit at the stream
checking the rating of each algorithm which passes by and simply wait until one with a
rating at least 1− (1/s) passes by. Howev er, giv en that there exist effectively

4s

many algorithms, and that of these, only

2s + 1

many are rated at 1− (1/s) or better, one could expect to spend an amount of time of
order exponential ins waiting for one to appear.

Our approach is quite different. We will present an explicit 4th degree polynomial,p(s),
so that within an amount of time of orderp(s), the stochastic discrimination stage of our
learning pipeline will produce a separation algorithm with an expectedd-rating of at least
1 − (1/s).

We will discuss this example in some detail later in this paper, but we might point out one
further feature of interest.For any real number� greater than 0, letP� represent the
probability that during the stochastic discrimination stage, the streamever presents the
stage with a separation algorithm with ad-rating greater than� . Then we will prove that
for any � greater than 0, ass increases without bound,P� approaches 0.In other words,
ev en though we are able to develop an essentially perfect separation algorithm through
analysis of a stream of (lesser) algorithms, the most likely event is that, in fact, through-
out the entire process, the stream never shows us anything much beyond the trivial. Thus
it appears as if we are making something out of nothing in developing these algorithms.

2.2. Uniform Cover

In the section immediately following this one, we will be defining random variables asso-
ciated with structures, and will be interested in proving that they all share the same proba-
bility density function. The technical device we will use concerns a notion of “uniform
cover” as applied to sets of algorithms.That is our focus for now.
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On an intuitive lev el, we would like to dev elop some sense for what it means for a set of
algorithms to cover the set of structures so that among algorithms in the set with given r E
andr N-ratings, the number giving the value 1 to a particular structure equals the number
giving the value 1 to any other structure of the same type (E or N).Clearly, small sets of
algorithms providing such a uniform cover are difficult, if not impossible, to construct.
For example, a set consisting of two separation algorithms each of which has anr E-rating
equal to some real numberx strictly between .5 and 1 could not possibly provide an unbi-
ased cover since some proper subset of the collection of E-structures would necessarily
be rated 1 byboth algorithms in the set.

However, as the number of separation algorithms considered together increases, the
notion of uniform cover does take on practical meaning.If A is a given set of algorithms,
and x and y are two giv en real numbers, let us defineAxy to be

{ C � A : r E(C) = x andr N(C) = y } .

We can then define A to beE-uniformif given any two E-structuresp andq, and any two
real numbersx andy,

C � Axy

Σ C(p) =
C � Axy

Σ C(q) .

Similarly, we hav ea notion of N-uniformusing the same definition with “E-structures”
replaced with “N-structures”.A set of selection algorithms is said to be auniform cover,
if it is both E-uniform and N-uniform.

In order to approach the problem of existence of such sets of algorithms, we must first
look at another, purely combinatorial, view of the notion of uniform cover. A given sepa-
ration algorithmC has associated with it a specific set of E-structures,EC, namely, those
E-structures to whichC assigns a value of 1. Similarly, it has an associated set of N-
structures,NC, namely those N-structures to whichC assigns a value of 1. Indeed, since
we will never be getting involved with the internal details of any particular algorithm
(other than the detail that it operates in polynomial time), any two algorithmsC and D
such thatEC = ED andNC = ND will be viewed, for the purposes of this paper, as being
identical. Thuswe will feel free to equate algorithms with pairs of sets of structures, and
specifically, if X and Y are the two sets equated with an algorithmC, then if i ( j ) is the
size of the intersection of X (Y) with the set of all E-structures (N-structures), thenr E(C)
(r N(C)) is equal toi /s ( j /t).

Using this duality between algorithms and sets, let us consider any pair of nonnegative
integersi less than or equal tos and j less than or equal tot, let us definex to bei /s and
y to be j /t, and let us consider the setQxy of all algorithmsC = (EC, NC) such thatEC
containsi-many elements andNC containsj -many elements. Thenwe must have that for
any particular E-structureq,

C � Qxy

Σ C(q) = 

s − 1

i − 1





t

j



= 


(s − 1)!

(i − 1)!(s − i)!






t!

j !(t − j )!



, (0)

and for any particular N-structureq,
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C � Qxy

Σ C(q) = 

t − 1

j − 1





s

i



= 


(t − 1)!

( j − 1)!(t − j )!






s!

i !(s − i)!



. (1)

Naturally, this shows that the set of all algorithms constitutes a uniform cover, but given
the nature of our notion of uniform cover, we hav ealso, clearly, established that for any
possible set T ofd-ratings, the set of all separation algorithmsC such thatd(C) is a
member of T is a uniform cover.

2.3. TheBase Variables

Although one tends to think of the application of statistics in contexts such as this as
involving sampling within the population of structures, the basis of our approach will
involve sampling within the population of separation algorithms.Indeed, our key method
for attacking the problem will make use of random variables associated with such sam-
pling.

If one were to simply “guess” at separation algorithms for our problem he would obvi-
ously produce some algorithms which were better and some which were worse. Needless
to say, the higher thed-ratings one required, the less frequently he would expect to find
acceptable algorithms through guessing.For example, in the situation discussed above, it
is only after an exponential amount of time that one might expect to find an algorithm
with a d-rating greater than or equal to 1− (1/s). However, it is also clear that if we lower
our sights, and rather than look for algorithmsC such thatd(C) ≥ 1− (1/s), just look for
algorithmsC such thatd(C) > 0, we can expect to see them regularly.

We will attack this question in some detail later in section 3, but until further notice, let us
assume that we have access to some polynomially (ins, t, and structure complexity)
timed process for producing separation algorithmsC whose degree of goodness is not
only greater than 0 but is bounded away from 0 by some positive real number 1/v. In
other words, we will assume that there exists a real number 1/v > 0 and a polynomially
timed process for producing a stream of rated algorithms sampling the population of all
algorithmsC such thatd(C) > 1/v. (The notion of creating such a process is a most inter-
esting area in its own right, and, as mentioned above, it is the topic discussed in [3].And
while, in some sense, it involves the half of the learning paradigm concerned with “study”
of the training set, later in this paper we will return to our example, introduced earlier,
which turns out to satisfy this assumption independent of any consideration of training
set. Theexample is of special interest since, despite its simplicity, its natural solution
appears to require an exponential (or at leastNP) amount of time. We will produce a
solution within an amount of time polynomial ins.)

Let us denote byS the set of all separation algorithmsC such thatd(C) > 1/v. Then if
we considerS, under the counting measure, as a sample space, we can associate with any
structureq of our separation problem the random variableXq, which, at an elementC of
S takes the value

C(q)

r E(C)
.
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Lemma 1: If p andq are two structures of the same category (E or N), thenX p and Xq

have the same probability density functions.

Proof: Let us introduce the following notation: if r is a given real number, then <r>
denotes the least integer greater thanr , and [r ] denotes the greatest integer less
thanr . Then using our analysis above concerning uniform cover, and in particular,
in light of equations (0) and (1), it follows that foranyE-structureq, the number of
points whereXq takes the value 0 is

s

i=<s/v>
Σ

[t(i /s− 1/v)]

j=0
Σ 


s − 1

i





t

j



,

and for every i > s/v, the number of points whereXq takes the values/i is

[t(i /s− 1/v)]

j=0
Σ 


s − 1

i − 1





t

j



.

Similarly, for anyN-structureq, the number of points whereXq takes the value 0 is

s

i=<s/v>
Σ

[t(i /s− 1/v)]

j=0
Σ 


s

i





t − 1

j



,

and for every i > s/v, the number of points whereXq takes the values/i is

[t(i /s− 1/v)]

j=0
Σ 


s

i





t − 1

j − 1



.

Since none of these expressions involvesq, the lemma is proved.

Now that we know that random variables associated with structures of a particular cate-
gory all have the same probability density function, we know that there are at most two
possible values for expectations of such variables. Inpoint of fact, there areexactly two
values, and this will be extremely important for our subsequent work. Beforewe prove
this, however, let us explicitly state (without proof) a trivial proposition which we will
need both here and later in this paper:

Proposition: Let T be a finite sample space with counting measure� , and let
�

be a par-
tition of T. Then if X is a random variable defined onT, and if, for each subsetU
of T in

�
, XU denotes the restriction ofX to U, then

E(X) =
U 	�
Σ

� (U)

� (T)
E(XU) .

We are now in a position to prove that E-structure random variables and N-structure ran-
dom variables havedistinct expectations.

Lemma 2: If q is an E-structure, thenE(Xq) = 1. If q is an N-structure, then
E(Xq) < 1− (1/v).
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Proof: Let i ≤ s and j ≤ t satisfy i /s− j /t > 1/v, and letQ denote the set consisting of all
algorithms inS with anr E-rating of i /s and anr N-rating of j /t. Then we immedi-
ately see that for any E-structureq, the expectation of the variableXq restricted to
the sample spaceQ is




t

j






s − 1

i − 1



(
i

s
)−1




t

j






s

i



=




t!

j !(t − j )!






(s − 1)!

(i − 1)!(s − i)!



(
s

i
)




t!

j !(t − j )!






s!

i !(s − i)!



=




t

j






s

i






t

j






s

i



= 1 .

Thus by the proposition above, for any E-structureq, the expectation ofXq is 1.

The situation for N-structure variables is different. For if q is an N-structure, and
Q denotes the set consisting of all algorithms inS with an r E-rating of i /s and an
r N-rating of j /t, we immediately see that for any N-structureq, the expectation of
the variableXq restricted to the sample spaceQ is




s

i






t − 1

j − 1



(
i

s
)−1




s

i






t

j



=




s!

i !(s − i)!






(t − 1)!

( j − 1)!(t − j )!



(
s

i
)




s!

i !(s − i)!






t!

j !(t − j )!



=




t

j






s

i



(
js

it
)




t

j






s

i



= (
js

it
) .

Since every C in S has the property thatd(C) > 1/v, we must have that

i

s
−

j

t
>

1

v
,

and so,

js

it
< 1−

s

iv
.

Sincei ≤ s, we can say that

js

it
< 1−

1

v
.

We may thus conclude, by the proposition above, that for any N-structureq, the
expectation of Xq is less than 1− 1/v.

2.4. TheStochastic Process

The way stochastic discrimination operates is as follows:

Supposeq is a given pattern structure.Then we will undertake a sequence of
independent trials over our sample space, and for eachi , let us denote byXq

i
the random variable corresponding toXq associated with thei th trial. Fur-
thermore, for each n, letMq

n denote the random variable
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(
n

i=1
Σ Xq

i )/n .

Then by the Law of Large Numbers, asn increases without bound, the prob-
ability that Mq

n lies close to the expectation ofXq approaches 1.But since
the expectation ofXq is 1 for E-structuresq and is less than 1− (1/v) for N-
structuresq, we should be able to tell, by takingn “large enough” just which
of the two possible expectationsMq

n is, with “high” probability, “close to”,
and hence, should be able to tell, with “high” probability, whetherq is an E-
structure or an N-structure.In practice, if we simply take a  random sample
with replacement,� , of “ large enough” sizen, then � can be viewed as rep-
resenting then-many independent random variablesXq

1 , Xq
2 , ..., Xq

n, and thus
the sample mean can be viewed as representingMq

n. And by the Law of
Lar ge Numbers, if that sample mean were within 1/2v of 1, we could
conclude with “high” pr obability that q was an E-structure, and if that
sample mean were not within 1/2v of 1, we could conclude with “high”
probability that q was an N-structure. Of course, all of this is heavily
dependent on just what constitutes “large enough” as applied to sample size,
but we will provide anexplicit polynomial function such that if n is larger
than the bound provided by this function, then thatn is “ large enough” to
make the algorithm work.

There are different levels of sophistication possible in precisely formulating the algorithm
described above. These levels are somewhat related to just how sophisticated a version of
the law of large numbers one chooses to use.An initial result follows with a simple use
of Chebyshev’s inequality:

Lemma 3: There exists a polynomialP(x, y, z) such that for any positive h, k, and s, if
m≥ P(h, k, s),

Pr


|Mq
m − E(Xq)| < 1/k 


> 1− (1/h) .

Proof: Let E(Xq) and 
 2 denote the mean and variance, respectively, of Xq. Then

E(Xq) and

 2

m
are the mean and variance, respectively of Mq

m. By Chebyshev’s

inequality,

Pr


|Mq
m − E(Xq)| ≥ 1/k 


≤


 2k2

m
,

and so,

Pr


|Mq
m − E(Xq)| < 1/k 


> 1−


 2k2

m
.

Since the range ofXq is contained in [0,s], 
 < s. Thus if we let

P(x, y, z) =df xy2z2 ,
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then for any m≥ P(h, k, s),

k2 � 2

m
≤

1

h
,

and so

Pr


|Mq
m − E(Xq)| < 1/k 


> 1− (1/h) .

To flesh all of this out somewhat, let us return to our example considered earlier where
pattern structures consist of single-field records containing nonnegative integers less than
2s. In a later section, this example will be covered in detail, and in particular, we will set
things up so that the expectations of E-structure base random variables and N-structure
base random variables lie further than1/√ 2s− 1 apart. Thusby lemma 3, ifn is larger
thanP(2s, 2√ 2s− 1,s) = 16s4 − 8s3, giv en anystructureq, if we were to simply calculate
the mean of any random sample with replacement having sizen viewed as representing
Mq

n, then if that mean were within 1/(2√ 2s− 1) of 1 the likelihood thatq was notan E-
structure would be less than 1 in 2s, and similarly, if the mean were within 1/(2√ 2s− 1) of
1, the likelihood thatq was an N-structure would be less than 1 in 2s. In other words,
we have just described a separation algorithm for our pr oblem which operates in
polynomial time, and which has an expectedd-rating greater than 1 - (1/s).

2.5. TheSeparating Density Functions

Let us look at the dynamics of the situation.For any specific sample size,n, we hav etwo
probability density functions, one associated with E-structures (i.e., the density function
for Mq

n for any E-structureq), and the other associated with N-structures (i.e., the density
function forMq

n for any N-structureq). Themeans of these functions are some fixed dis-
tance apart from one another, and by the Central Limit Theorem, for large enoughn, the
density functions are essentially normal.
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E-structure pdfN-structure pdf

But as sample size (n) increases, we also have that the variances of the density functions
approach 0, and in this fact lies the reason stochastic discrimination works. For this
means that as sample size increases, the two density functionsseparate from one
another ev entually to the point where their overlap is negligible:
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Size
Sample

Increasing

As a result, if we are dealing with a large enough sample, given the value of one of the
density functions on a (random) point taken from their common domains, it is quite clear
which of the functions (the E-structure function or the N-structure function) was used to
produce the value.

Thus, if we define theseparating threshold, t, to be the mean of the means of the E-struc-
ture and N-structure density functions, given a (random) sequence from our sample space
of separation algorithms, we have, for eachn, an instance of the stochastic algorithm,
SAn, which simply calls a structureq an E-structure if the value of Mq

n on the length-n
initial segment of the sequence is greater thant. And by the lemma above, the expected
accuracy of SAn will be greater than 1− (1/h) if n is taken larger than some polynomial
function ofh (and problem complexity).
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2.6. TheDuality Lemma

In the previous subsection, we introduced what might be called thestochastic algorithm
for separating points in a space, and we discussed the performance of this algorithm in
terms of “expectedd-rating ” for large samples.We now wish to formulate a precise pic-
ture of the actuald-rating of stochastic algorithms.This will enable us to prove a surpris-
ing, and extremely powerful result concerning the stability of stochastic algorithms as one
moves from performance on training set to performance on test set to performance in
field use. Basically, we will prove that if the algorithms in the sample from which a
stochastic algorithm is built are all stable in their performance in going from training data
to test data, then the stochastic algorithm will be stable as well.And since, given some
care in constructing training data, it is easy to find stable (though, perhaps, poor) separa-
tion algorithms, the practical implications of this are enormous.And what is surprising,
is that we have here a method for building arbitrarily complex solutions to problems with-
out the usual worries of training-set specificity and the inevitable instability it creates.

Given a fixed structureq, we hav ebeen considering the random variableMq
i , and have

viewed it as being defined on ani-fold product of spaces of separation algorithms.But if
we were to fix a member of thisi-fold product of spaces of separation algorithms,Mq

i
could alternately be viewed as a random variable defined on the space of structures.And
by casting things in this light, we have a mechanism for precisely evaluating thed-rating
of the stochastic algorithm built from that (fixed) member of thei-fold product. For let
RE (RN) denoteMq

i as a function ofq defined on the sample space of E-structures (N-
structures). Thenit is immediate, given the definitions ofr E and r N , that ther E-rating
(r N-rating) of the derived stochastic algorithm is just the area under the density function
of RE (RN) to the right of the separating threshold, and hence, thed-rating of the derived
stochastic algorithm is just the area to the right of the separating threshold bounded from
above by the density function ofRE and from below by the density function ofRN .
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separating threshold

E-structure pdfN-structure pdf

In order to make use of these observations, we must come up with usable descriptions of
the functionsRE andRN . This is the role of the duality lemma.

We begin with some notation.Given i ≤ s and j ≤ t, let

Sij =df




C: r E(C) =

i

s
andr N(C) =

j

t





.

Fix some integern > 0 and sequence (a1, b1), (a2, b2), ... , (an, bn) such that for eachi ,

ai

s
−

bi

t
>

1

v
,

and let us define� to be
n

i=1
Π Sai bi

.

Let � denote the space of all structures, and let us denote byMn the map from the prod-
uct � × � into the reals which at any point (q,<C1,C2, ... ,Cn>) takes the value

Mq
n(<C1,C2,

. . . ,Cn>) .

Lemma 4: Let � be either the set of all E-structures or the set of all N-structures, and fix
pointsq in � andC in � . Let Yq denote the restriction ofMn to {q} × � , and let
ZC denote the restriction ofMn to � × { C}. ThenYq andZC have the same pdf’s.

Proof: Consider a possible value in the range ofMn. It is of the form

s

n

n

i=1
Σ � i (ai )

−1 ,
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where, for each i,� i is either 0 or 1.What is the probability thatYq takes this
value? Clearlythe probability that� i is equal to 1, that is, thats/ai gets contributed
to the sum, is just the probability thatq is accepted by an algorithm inSai bi

. If � is
equal to� , this probability is




t

bi







s − 1

ai − 1






t

bi







s

ai




=




t!

bi !(t − bi )!






(s − 1)!

(ai − 1)!(s − ai )!



(
s

ai
) (

ai

s
)




t!

bi !(t − bi )!






s!

ai !(s − ai )!



=




t

bi







s

ai




(
ai

s
)




t

bi







s

ai




=
ai

s
.

Thus the probability thatYq takes the value

s

n

n

i=1
Σ � i (ai )

−1

is
n

i=1
Π { � i (

ai

s
) + (1− � i )(1−

ai

s
)} = s−n

n

i=1
Π (� i ai + (1− � i )(s− ai )) .

(By similar reasoning, if� is equal to� , the probability thatYq takes the value

s

n

n

i=1
Σ � i (ai )

−1

is

s−n
n

i=1
Π ( � i bi + (1− � i )(s− bi )) . )

We now consider the variable ZC. Suppose� is equal to� . Then since thei th

coordinate ofC has anr E-rating ofai /s, the probability that� i equals 1 in the sum
above is ai /s. Thus arguing as above, the probability thatZC takes the value

s

n

n

i=1
Σ � i (ai )

−1

is

s−n
n

i=1
Π (� i ai + (1− � i )(s− ai )) .

Using r N-ratings in place ofr E-ratings, if � were equal to� , the probability that
ZC takes the value

s

n

n

i=1
Σ � i (ai )

−1

would be
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s−n
n

i=1
Π (� i bi + (1− � i )(s− bi )) .

Just how does this lemma prove the stability of stochastic algorithms?Specifically, sup-
pose that we have a giv en training set TR, a given test set TE, and that our stochastic
algorithm is built from n-many stable separation algorithms, that is, from separation algo-
rithms which have the samer E and r N-ratings when evaluated in either TR or TE.Let
a1, a2, ... , an be the sequence of suchr E-ratings for these separation algorithms, and let
b1, b2, ... , bn be the sequence ofr N-ratings. Thenit is clear that for any E-structureq
(whether it is in TR or TE), the pdf ofYq (in the notation of lemma 4) depends only on
the sequence {ai }. Thusby lemma 4, the random variableZC defined on the E-structures
in TR has the same pdf as the random variableZC defined on the E-structures in TE.But
the r E-rating of the stochastic algorithm is equal to the area under this pdf to the right of
the separating threshold, and so we have shown that ther E-rating of the stochastic algo-
rithm is the same whether it is evaluated in TR or in TE.Arguing similarly with N-struc-
tures and the sequence {bi }, we see that ther N-rating of the stochastic algorithm is the
same whether it is evaluated in TR or TE.Thus the stochastic algorithm is stable.

2.7. ARemark Concerning Convergence to Normality

In order for the calculation ofd-ratings of stochastic algorithms using the method implied
by the previous section to have practical value, we must be able to explicitly work with
relevant pdf’s. Of course, the duality lemma presents us with a complete description of
them, but it isn’t hard to see that the form they take is extremely difficult to work with.
Fortunately, we hav ecentral limit theorems, and as a result, these distributions approach
normality. The question for us, however, concerns just how quickly the distributions
approach normality. For unless things happen polynomially-fast, the normal approxima-
tions are of little practical use.

In this section, we prove that convergence does, indeed, happen polynomially fast; how-
ev er, we will make no attempt to analyze the specific distributions at hand, nor will we
make any attempt to get the sharpest estimates possible.We are simply inter ested in
demonstrating thepolynomial nature of the convergence and so will rely on general
limit theor ems. (A detailed analysis of the normal approximations to our specific pdf’s
is saved for a later work.)

The general tool we will use here is the so called Cramer-Berry-Esseen theorem:

Theorem: IfX1, X2, ..., Xm are independent random variables with expectation 0, vari-
ance� 2, and finite third moment, and ifSm represents the sum of theXi , then





Pr



Sm

√ m
≤ x




− Φ� (x)




≤
KCBE E(|X1|3)

� 3√ m
(2)

for some constantKCBE less than 3.
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For a start, our variables do not have expectation 0, and so we must use the above theo-
rem withE(|X1|3) replaced withE(|X1 − � |3) (where� is the expectation of theXi ). Sec-
ond of all, since we are interested in the distribution of Sm/m, and not that ofSm/√ m, we
must rephrase (2) as





Pr


Sm

m
≤

x

√ m



− Φ� (x)




≤
KCBE E(|X1 − � |3)

� 3√ m

or





Pr


Sm

m
≤ y 


− Φ� (√ my)





≤
KCBE E(|X1 − � |3)

� 3√ m
.

With a simple change of variables within integrals we get

Φ� (√ my) =
1

� √ 2�

√ my

−∞
∫ e

−
1

2



x
� 



2

dx = √ m
� √ 2�

y

−∞
∫ e

−
1

2


t√ m� 



2

dt = Φ �
√ m

(y) .

Thus we have





Pr



Sm

m
≤ y 


− Φ �

√ m
(y)





≤
KCBE E(|X1 − � |3)

� 3√ m
, (3)

in other words, the maximum difference between the distribution of Sn/n and the normal
approximation to it is bounded in absolute value by

KCBE E(|X1 − � |3)
� 3√ m

(4)

for some constantKCBE less than 3.

Thus, in order to establish that our distributions converge to normality at a polynomial
rate, we need only prove

Lemma 5: There exists a polynomialR(x, y, z) such that for any s, v, w, and structureq,
if m≥ R(s, v, w), then

KCBE E(|Xq − � |3)
� 3√ m

<
1

w
.

Proof: The key for us is to find an upper bound estimate,U(s, v) on

E(|Xq − � |3)
� 3

.

For if we can find such aU(s, v) which is polynomial ins andv, we would be able
to easily construct our desired polynomialR(x, y, z). Solet Xq be one of our (pre-
viously defined) variables (having expectation� ). Thenarguing as we did in the
proof of lemma 1, we have that



E. M. Kleinberg -22- StochasticDiscrimination

E(|Xq − � |3) =

s

i=<s/v>
Σ

[t(i /s− 1/v)]

j=0
Σ







s − 1

i




t

j


� 3 + 


s − 1

i − 1





t

j





s

i
− � 



3 



s

i=<s/v>
Σ

[t(i /s− 1/v)]

j=0
Σ 


s

i





t

j



, (5)

and that

� 2 =

s

i=<s/v>
Σ

[t(i /s− 1/v)]

j=0
Σ







s − 1

i




t

j


� 2 + 


s − 1

i − 1





t

j





s

i
− � 



2 



s

i=<s/v>
Σ

[t(i /s− 1/v)]

j=0
Σ 


s

i





t

j



. (6)

Needless to say, each of these expressions, let alone the quotient

E(|Xq − � |3)
� 3

,

is rather difficult to evaluate, but if we employ a  simple trick used earlier, we will
be able to make some headway. For given a finite setT of numbers for which one
wishes to find the mean, one can first partitionT into some number of disjoint sub-
sets, find the mean of the numbers in each set in the partition, and then take an
av erage (weighted by thesizeof each set in the partition) of these means to find the
av erage of the numbers inT. This was exactly the point of our trivial proposition
of section 4.In the case of (5) and (6), we partition the space of all algorithmsC
such thatd(C) > 1/v into those subspaces wherer E(C) = i /s is constant, and using
the same technique we used in the proof of lemma 2 for simplifying binomial coef-
ficients, we have

Numerator(i) =

[t(i /s− 1/v)]

j=0
Σ 


s − 1

i




t

j


� 3 + 


s − 1

i − 1





t

j





s

i
− � 



3

[t(i /s− 1/v)]

j=0
Σ 


s

i





t

j



(7)

=

[t(i /s− 1/v)]

j=0
Σ 


s

i





t

j










s − i �
i




3 i

s
+ 


� 3 s − i

s







[t(i /s− 1/v)]

j=0
Σ 


s

i





t

j



=
(s − i � )3 + i2(s − i)� 3

i2s
,

and (working, for the moment, with the simpler expression,� 2, rather than the true
denomiator� 3)
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Denominator(i) =

[t(i /s− 1/v)]

j=0
Σ 


s − 1

i




t

j


� 2 + 


s − 1

i − 1





t

j





s

i
− � 



2

[t(i /s− 1/v)]

j=0
Σ 


s

i





t

j



(8)

=

[t(i /s− 1/v)]

j=0
Σ 


s

i





t

j










s − i �
i




2 i

s
+ 


� 2 s − i

s







[t(i /s− 1/v)]

j=0
Σ 


s

i





t

j



=
(s − i � )2 + i(s − i)� 2

is
.

The virtue of these expressions is this.If we can calculate alargest value for any
Numerator(i), it will provide an upper bound forE(|Xq − � |3), and if we can calcu-
late asmallestvalue for any Denominator(i), raising it to the 3/2 power will pro-
vide a lower bound for 3, and the quotient of these two bounds will provide a
desired upper bound for

E(|Xq − � |3)

 3
. (9)

In the case ofNumerator(i), things are quite straightforward. For sinces is fixed,
andi varies from <s/v> to s, the largest valueNumerator(i) can take (which clearly
happens wheni is as small as possible, that is, wheni = < s/v >) is

Numerator(< s/v >) =
(s −

s�
v

)3 + 


s

v



2

(s −
s

v
)� 3




s

v



2

s

=
(v − � )3 + (v − 1)� 3

v
.

Taking into account the fact that� must lie between 0 and 1, we thus have that for
any variableXq,

E(|Xq − � |3) ≤
v3 + (v − 1)

v
. (10)

The situation withDenominator(i) is different. For given that s is fixed, and thati
varies from <s/v> to s, our temptation is to say that the smallest valueDenomina-
tor(i) can take is wheni is as large as possible, that is, wheni = s. In this case we
would have

Denominator(s) =
(s − s� )2 + s(s − s)� 2

s2
= (1− � )2 . (11)

However, if � = 1, which happens with random variables associated with E-
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structures, this denominator will be 0, and hence will be useless in forming a quo-
tient to provide an upper bound for (9).So while, in the case of N-structure ran-
dom variables, we have just shown that

! 3 ≥ (1− " )3 > 0 ,  (12)

providing a nonzero lower bound for! 3, what do we do for E-structure random
variables, where" = 1? Well, it is easy enough to derive an estimate for the small-
est nonzero value which Denominator(i) can take. This clearly happens when
i = s − 1, and we have

Denominator(s − 1) =
(s − (s − 1))2 + (s − 1)(s − (s − 1))

(s − 1)s
=

1

s − 1
. (13)

But how can this be used in calculating anonzero lower bound for! 3 given that the
mean over one of the sets in our partition (the set wherei = s) is 0? We must argue
as follows. Without loss of generality, we may assume thats andv are so large that

1−
1

v
−

2

s
>

1

2
and s > 5 .  (14)

Let us consider the values for the means of sets in our partition as calculated in (8)
for i = s, i = s − 1, andi = s − 2. For i = s, the mean is 0 (this is the only set in the
partition having a mean of 0) and the size of the set having this mean of 0 is

[t(1− 1/v)]

j=0
Σ 


s

s





t

j



=
[t(1− 1/v)]

j=0
Σ 


t

j



. (15)

For i = s − 1, as calculated in (13), the mean isDenominator(s − 1) = 1/(s − 1), and
the size of the set having this mean is

[t(1− 1/v − 1/s)]

j=0
Σ 


s

s − 1





t

j



=
[t(1− 1/v − 1/s)]

j=0
Σ 


s

1





t

j



. (16)

Finally, for i = s − 2, the mean is 2/(s − 2), and the size of the set having this mean
is

[t(1− 1/v − 2/s)]

j=0
Σ 


s

s − 2





t

j



=
[t(1− 1/v − 2/s)]

j=0
Σ 


s

2





t

j



. (17)

We claim that the three terms given in (15), (16), and (17) form a nondecreasing
sequence. For in light of (14), even the sum with the fewest terms, namely that in
(17), still has more than t/2-many terms. Andgiven the symmetry of the binomial
coefficients aboutj = t/2, and in particular, the fact that

for every j, 0 ≤ j ≤ t, 

t

j



= 


t

t − j



we see that for every value of j which appears in (15) and not in (16), there is a
term
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s


t

t − j



in (16) whose value is clearly greater than




t

t − j



+ 

t

j



(sinces > 2). Thisshows that the expression in (15) is no greater than the expres-
sion in (16). By a similar argument, we have that for every value of j which
appears in (16) and not in (17), there is a term

s(s − 1)

2



t

t − j



in (17) whose value (given 14) is clearly greater than

s


t

t − j



+ s

t

j



(sinces > 5). Thisshows that the expression in (16) is no greater than the expres-
sion in (17). Given that the sizes of these three sets in the partition are nondecreas-
ing, and given that their means are 0, 1/(s − 1), and 2/(s − 2) (where 2/(s − 2) is
more than twice as large as 1/(s − 1), we have shown that the mean over the union
of these three sets in our partition is greater than 1/(s − 1). Since1/(s − 1) is the
smallestpositivevalue of any mean of any set in the full partition, we have thus
established the fact that the mean of theentire set is greater than 1/(s − 1). Putting
all of this together, we hav ethat for E-structure random variables

# 3 ≥ (s − 1)− 3/2 > 0 .  (18)

Now let us try to combine the two cases of E-structure and N-structure variables.
We hav e shown earlier that the mean$ for N-structure variables is less than or
equal to 1− (1/v), and so (1− $ )3 is at least as large as

1

v3
.

Since 1/(s − 1)3/2 and 1/v3 both lie in the interval (0,1], we thus have that for either
E-structure variables or N-structure variables,

# 3 ≥
1

v3 (s− 1)3/2
> 0 .  (19)

Combining (10) and (19), we now hav ethat foranyvariable Xq,

E(|Xq − $ |3)
# 3

≤ (v3 + (v − 1))v2(s− 1)3/2 .

Given this polynomial upper bound,U(s, v), if we now just defineR by

R(s, v, w) = K2
CBE(w + 1)2(U(s, v))2 ,
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our proof is complete.

2.8. Perfect Stochastic Algorithms

Thed-rating of an algorithm basically presents one with a measure of the probability that
the algorithm will correctly classify any giv en structure. Thusgiven a particular algo-
rithm and a particular set of structures, we can calculate the probability that the algorithm
is, in fact, perfect.

Suppose we are dealing withn-many structures, and that we have built a stochastic algo-
rithm whose probability of misclassifying any giv en structure is less than 1/kn. Then the
probability that this algorithm makes no errors in classifying alln-many structures is



1−

1

kn



n

,

which, if n is large enough, is approximately equal to

e−(1/k) .

Thus if we take k to be equal, say, to 2, then the probability this algorithm is perfect is
certainly greater than1⁄2.

Suppose, now, that we were to build, independently, m-many such stochastic algorithms.
Then the probability thatnone of themwas perfect would be less than 2−m. In other
words, within an amount of time polynomial in problem complexity andm, the probabil-
ity that we fail to produce a perfect stochastic algorithm is exponentially small. This
observation will be exploited when we discuss complexity theory.

3. An Example

Let us now return to the example considered earlier where the structure type is a simple
one-field record consisting of a single nonnegative integer less than 2s, and the E and N
records of the test set consist simply of two disjoint s-element sets of structures.

In order to make things as easy as possible, let us begin with a process which “randomly”
produces and rates trivial Boolean algorithms (i.e., Boolean expressions based on atoms
of the formv = k, wherev is the (unique) record-variable andk is a specific nonnegative
integer less than 2s). Clearly, it is easy to construct such processes which operate poly-
nomially in s, and let us assume that we have set such a process in motion producing a
stream of separation algorithms.It is our goal to take this stream and come up with an
algorithm having an expectedd-rating greater than 1− (1/s).

Our first step is to put a simple “wait and see” filter on the stream which only lets pass
those algorithms which identify preciselys-many elements from the set of all structures.
Such algorithms, which we will henceforth refer to assymmetric algorithms, are the ones
most likely to be seen in our random stream, each of whose algorithms identifies some-
where between 0-many elements and 2s-many elements from the set of structures.Thus,



E. M. Kleinberg -27- StochasticDiscrimination

given the distribution of sizes of subsets from a set containing 2s-many elements, we can
certainly expect to see at least one symmetric algorithm out of every 2s-many produced
by the stream (much more frequently than this, actually), and so this initial filter does not
slow the stream appreciably — every polynomially-in-s-many ticks of the clock, we can
expect a new symmetric algorithm to appear in our filtered stream.

As discussed earlier, the likelihood of finding highly rated algorithms in the stream itself
is small, but what about the likelihood of finding algorithms having some minimald-rat-
ing?

The process of “randomly picking” trivial Boolean symmetric algorithms in this context
is combinatorially identical to the process of randomly picking sizes subsets from a set
having 2s-many elements in it. An algorithm is perfect if the subset picked is identical
with the set of E-structures, and in general, the ratings for any such algorithm are based
on the degree to which the subset picked coincides with the set of E-structures.

Specifically, suppose we pick a subset whose intersection with the set of E-structures is of
sizek. Then ther E-rating of this algorithm isk/s and ther N-rating is (s − k)/s. Thus the
d-rating of the algorithm is (2k − s)/s. If we consider the random variable which takes as
values the size of the intersection of our “guessed” subsets with the set of E-structures,
then the probability density function for this variable is just the hypergeometric density
function with parameter1⁄2, and as such, it has means/2 and variance

s

4
−

s(s− 1)

4(2s− 1)
=

s2

4(2s− 1)
.

Since there exists a central limit theorem for this distribution, for large s it is effectively
normal, and hence we know that the probability that a randomly selected set of sizes is at
least 1 standard deviation from the population mean is greater than .30.

What does this say aboutd-ratings? Sincethe mean of our distribution is s/2, and its
standard deviation is

s

2√ (2s− 1)
,

subsets whose intersection with the set of E-records has size at least
s

2
+

s

2√ (2s− 1)
,

must have ad-rating at least

2


s

2
+

s

2√ (2s− 1)



− s

s
=

1

√ 2s− 1
.

In other words, we have proved that with probability greater than .15, a randomly pro-
duced algorithm has ad-rating

1

√ 2s− 1
,
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or greater. Let us call algorithmsC such that

d(C) ≥
1

√ 2s− 1

minimal algorithms.

random

algorithms

Filter

#1

symmetric

algorithms

Filter

#2

minimal

algorithms

Since our stream produces rated symmetric algorithms at a rate polynomial ins, and
since

1

√ 2s− 1
> 0 ,

we have thus shown that for some fixed real number 1/v > 0, we hav ea polynomial (ins)
stream which randomly produces rated members of

{ C : d(C) > 1/v } .

We are now ready to employ the analyses of the previous two sections to produce an
algorithm,C, based on stochastic discrimination.Given an arbitrary record,q, here is
how to calculateC(q):

Wait at the stream of minimal algorithms until you acquire

T(s) = P(2s, 2√ 2s− 1,s) = 16s4 − 8s3 (20)

many of them. Fromdiscussion above, the length of time spent at this task is
clearly polynomial ins. Now simply calculate the value of Mq

n at this
sequence of minimal algorithms so acquired (again, this requires no more
than polynomial-in-s much time). If that value is within 1/(2√ 2s− 1) of 1,
we setC(q) equal to 1; otherwise, we setC(q) equal to 0.

How accurate is this algorithm?Given the number of minimal algorithms we employ, we
know (by an appeal to lemmas 3 and 4) that with probability greater than 1− (1/2s), sam-
ple means of our random variables (E-record or N-record) lie within 1/(2√ 2s− 1) of popu-
lation means. But since the two population means are at least 1/√ 2s− 1 apart, the proba-
bility that an N-record random variable lies within 1/(2√ 2s− 1) of 1 (which is the popula-
tion mean of E-record random variables) is less than 1/(2s). Thusthe probability is less
than 1 in 2s that C misclassifies any record; or, alternately, C has an expectedd-rating
greater than 1− (1/s).

Thus, if we view an “essentially perfect” solution to a pattern recognition problem as an
algorithm expected to make less than one error, total, in classifying records, we have
shown that for this general class of example, essentially perfect stochastic algorithms
always exist. It is important to note that our procedure not only produces algorithms
which operate at a rate polynomial in problem complexity — the procedure itself for
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producing the stochastic algorithm operates at a rate polynomial in problem complexity.

We had mentioned earlier that for this example, ass increases without bound, the proba-
bility of seeing better than trivially-rated algorithms in the stream during the construction
of our stochastic algorithm goes to 0.Specifically, for any real number% greater than 0,
let us denote byP& the probability that during the stochastic discrimination stage, the
streamever presents the stage with a separation algorithm with ad-rating greater than% .

In the processing of the stream prior to stochastic discrimination for this example, two fil-
ters are employed.

random

algorithms

Filter

#1

symmetric

algorithms

Filter

#2

minimal

algorithms

Stochastic

Discrimination

stochastic

algorithms

The first filter only lets pass symmetric algorithms, and, as discussed earlier, one can
expect to see at least one such algorithm out of every s-many that appear in the stream.
The second filter only lets pass minimal algorithms, and since these are precisely those
algorithms which (when viewed in terms of sets) are at least one standard deviation
greater than the mean, one can expect to see at least one such algorithm out of every 7
that appear in the stream (since more than 30 percent of a the area under a normal pdf lies
further than one standard deviation from its mean.)Combining these two facts, we see
that out of every 7s-many random algorithms in the original stream, at least one can be
expected to make it through the second filter.

But for the moment, let us restrict our attention to what comes out of the first filter. If we
look at the number of minimal algorithms needed to carry out stochastic discrimination
(see (20)), and keep in mind the fact that the ratio of symmetric algorithms to minimal
algorithms is about 7 to 1, we estimate that about

7T(s)

many algorithms output by Filter #1 are required by our stochastic discrimination stage to
derive a separation algorithm with an expectedd-rating of at least 1− (1/s). Sincethere
exist a total of




2s

s



=
(2s)!

(s!)2

many symmetric algorithms, we thus have that the fraction of symmetric algorithms out-
put by Filter #1 during formation of the stochastic algorithm is

F(s) =
T(s)

(2s)!/(s!)2
.

Clearly P & is some function of both F(s) and the probability, G(s), that a given symmetric
algorithm has ad-rating greater than% ; and although we are not interested in developing
just what this function is, it is clear that if both F(s) and G(s) are allowed to decrease to 0,
P & must also approach 0.
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So let us examine what happens as s approaches infinity. Since

(2s)!

(s!)2
=

s− 1

i=0
Π 2s− i

s− i
> 2s ,

we clearly have that

F(s) =
T(s)

(2s)!/(s!)2
<

T(s)

2s

approaches 0 as s approaches infinity. But what about G(s)?Looking back at our analy-
sis above concerning the hypergeometric distribution, if we denote byi(C) the size of the
intersection of the set picked by symmetric algorithmC with the set of all E-structures,
then since the mean of the distribution is s/2, and since its standard deviation is
s/(2√ (2s− 1)), we know that for any positive integer n, those symmetric algorithms with
d-ratings greater than

n

√ 2s− 1
,

are exactly those symmetric algorithmsC such thati(C) is at leastn standard deviations
greater than the mean.But asn goes to infinity, the probability approaches 1 that given
an arbitrary symmetric algorithmC, i(C) is less thann standard deviations from the
mean. Inother words, given any number ' greater than 0, ifn is so large that the proba-
bility is less than' that given an arbitrary symmetricC, i(C) is at leastn standard devia-
tions from the mean, ands is then chosen so large that

n

√ 2s− 1
< ( ,

then for that value ofs, the probability that a randomly chosen symmetric algorithm has a
d-rating greater than( is less than' . Since ' was arbitrary, we hav eshown that ass
approaches infinity, the probability that a randomly selected symmetric algorithm has a
d-rating greater than( approaches 0.

Combining all of the above, we hav ethus proved that for any ( greater than 0, as sample
size increases without bound, the probability of ever seeing, through the stream fed to the
stochastic discrimination stage, an algorithm with ad-rating greater than( , approaches 0.

4. Remarks

1. It is important to note that we have not just proved the existence of algorithms, but
have actually given a procedure for producing them.In the case of our “example”
the procedure is fully spelled out, but even in the abstract case considered earlier,
given an externally supplied stream to carry out the production of “possible solu-
tions” to a given problem, our procedure integrates the output of this stream, and,
within polynomial time, generates an essentially perfect stochastic solution.

2. A standard worry in solving pattern recognition problems is that the solution will
be too “training set specific”, and hence will not project to new cases. Thisis of
special concern with computer generated solutions where the temptation is to use
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the large quantities of memory available to simply catalogue instances of structures
for some (perhaps inadvertent) form of template matching.On the other hand, with
complex problems it is often impossible to find “small” solutions.With stochastic
discrimination, though, no matter how large and complex the solution may be,
there is an apparent reduction in this danger of “training set specificity” since the
algorithm development process never has access to any structures underlying the
given pattern recognition problem, and hence, could never simply code templates.
But even more to the point, our discussion following the proof of the duality lemma
shows that if a stochastic algorithm is built from stable pieces, thenno matter how
many such pieces are used, the stochastic algorithm will be stable. Thus, when
viewed from this perspective, stochastic discrimination provides a possible solution
to the seemingly paradoxical problem of finding complex, but not “tr aining set
specific”, solutions to pattern recognition problems.

3. Thedevelopment carried out here was in terms of random variables which were, in
some sense,normalized. At times it may be desirable to consider the random vari-
ableXq to simply take on the valueC(q) at a giv en observation C. In this case, the
development carried out above is still valid, however, the expectation of E-structure
random variables is no longer equal to 1.Referring back to the proof of lemma 2,
but now using this new version of the random variables, leti ≤ s and j ≤ t satisfy
i /s− j /t > 1/v, and letQ denote the subspace of all algorithms inS with anr E-rat-
ing of i /s and anr N-rating of j /t. Then we immediately see that for any E-struc-
tureq, the expectation ofXq restricted toQ is
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Thus for any E-structureq, the expectation ofXq is
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Similarly, for any N-structureq, the expectation ofXq is
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Thus the difference of these two expectations is
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However, we know that
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and so the difference of the two expectations is greater than
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Thus we are left with the same situation as before, where the random variables for
a large number of independent trials congregate about two poles a distance more
than 1/v apart.

4. Supposeone is confronted with a pattern recognition problem, and has access to a
stream of proposed solutions, but does not have available ther E, r N , and d-ratings
used above. Then the general process described in the introduction is still possible
ev en if one must make an empirical determination of what constitutes an average
(random) algorithm in order to filter the stream for the purpose of enriching it.For
given any sequence of nontrivial algorithms, the (nonnormalized) random variables
discussed just above can be used, and their means will still congregate about dis-
tinct poles. The only requirement is that the rating scheme which is associated
with the algorithms in the stream is unbiased across structures of a given category
(E or N), and that any solution it rates as nontrivial, would also have a d-rating
which was nontrivial.

5. Asmentioned in the introduction, the process of stochastic discrimination is highly
amenable to implementation on arbitrary multiprocessor machines.For giv en the
fact that the process takes as input algorithmsgenerated by any means(related only
by their addressing of a common problem), these algorithms might well be gener-
ated most rapidly by independent parallel computations.

The author wishes to thank L.D.Brown from Cornell for many helpful suggestions in the
presentation of this material.In particular, Professor Brown suggested a shorter proof of
lemma 3 than that presented in our original manuscript — the proof included in this paper
is a result of his remarks.
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